Equation & Evaluation 



AIME Equation Problems 

AIME 12 

i986#i What is the sum of the solutions to the equation = —? 

7 - ^ 

AiME^^ Find if x and y are positive integers such that 

xy -\- X -\-y = 71 

AIME A finite set S of distinct real numbers has the following properties: the mean of 5 U f 1} is 

2001 ^2 K f 

13 less than the mean of S and the mean of 5 U {2001} is 27 more than the mean of S- 
Find the mean of 5. 

^^^^^^^ What is the product of the real roots of the equation + 18:r + 30 = 2 V^^"TT8^T45? 
AIME The table below displays some of the results of last summer's Frostbite Falls Fishing 



1993#3 



Festival, showing how many contestants caught n fish for various values of n. 



n 


0 


1 


2 


3 




13 


14 


15 


number of contestant who caught n fish 


9 


5 


7 


23 




5 


2 


1 



In the newspaper story covering the event, it was reported that 

(a) the winner caught 15 fish; 

(b) those who caught 3 or more fish averaged 6 fish each; 

(c) those who caught 12 or fewer fish averaged 5 fish each. 



What was the total number of fish caught during the festival? 

AIME Let 5 be a list of positive integers - not necessarily distinct - in which the number 68 
i984#4 gppg3p5 ji^g arithmetic mean of the numbers in S is 56 However, if 68 is removed, the 
arithmetic mean of the numbers is 55. What's the largest number that can appear in 5? 

AIME Determine ZX4 + ^5 \f Xi X2 ^3 ^4. and satisfy the system of equations below. 

1986#4 

23Ci + 3^2+ X^ +^4 + ^5 = Q 
Xl + 2X2 +X4 = 12 

+ :r2 + 2X3 +X4 +x^ = 24 
+ + + 2:i^4 + = 48 
ari + ar2 + + :i^4 + 2x^ = 96 



AIME Find the positive solution to 

1990#4 



AIME 
1991 #4 



1983#5 



+ ^ Ti: 7^- -i; — 7^^ ^ = 0 



:^r2 - lOr - 29 - lOr - 45 ar^ - lOr - 69 
How many real numbers x satisfy the equation ^ logs a: = sin{57rar)? 



AIME Suppose that the sum of the squares of two complex numbers ar and y '\s7 and the sum of 



the cubes is 10. What is the largest real value of x + y can have? 



1 



Equation & Evaluation 

re A is the si 

X = /19 + 



AiME Find wliere A is tine sum of tlie absolute values of all roots of the following equation: 

1991 #7 

91 



Ql 



AIME Suppose that jr, and 2 are three positive numbers that satisfy the equations xyz = 1, 

2000#7 I I I m 

a: + - = 5^ and y-\ — = 29. Then 2 -\ — = — ^ where m and n are relatively prime positive 

5f X y fi 

integers. Find m + n. 
AIME Assume that Xiy^2^ - - - ,^7 are real numbers such that 

1989#8 

a^i + 4^2 + + IGX4 + 2^x^ + +49X7 = 1 
4X1 + 9X2 + Itoa + 2^4 + 36^s + 49xe + 64^7 = 12 
9X1 + 10X2 + 2&a:3 + 3Gj^4 + 49^^^ + Uxe + Six? = 123 

Find the value of IQxi + 250^2 + SG^r.v^ + 49^4 + f>4^'5 + Sl^fi + 100^7- 
AIME The equation 2^^3^-2 + 3^^^^ ^ ^ = 2^^^^^^ + 1 has three real roots. Given that their sum is 

2005#8 m 

— where m and Tit are relatively prime positive integers, find m + n. 
n 

AIME Determine + x'^ + y'^ + if 

1984#15 " 





+ 




+ 




2^-1 




2i-Si 


x = 


+ 
+ 




+ 
+ 


z= 


42-1 

x = 




z^ 










+ 




+ 











AIME Find ax^ + i^y^ if the real numbers £i, h, x, and y satisfy the equations 

1990#15 ^ 

ax + by = 3^ 

£ej:^ + 6y^ = 7, 

ax'^ + = 16^ 

ax^ + by^ = 42. 

AIME2 Given that x, y, and 2 are real numbers that satisfy: 

2006#15 



25 



and that + |/ + 2 = —= where m and n are positive integers and h s not divisible by the 
square of any prime, find m + n. 



Equation & Evaluation 

AIME Evaluation Problems 



Compute V{31){30){29){28) + 1. 

Evaluate the product {\/5 + \/g + vY)(-\/5 + Vq + /r)(V5 - - vY). 

Find the value of (52 + 6\/43f - (52 - 6\/43)^'^^. 



AIME 
1986#2 



AIME 
1990#2 



AIME The number 

2006#5 



y 104\/6 + 468\/l0 + 144\/l5 + 2006 
can be written as a where a, 6, and c are positive integers. Find a - b-c. 



AIME2 Given that 

2000#7 



llllllllJV 



2! 17! 3! 16! 4! 15! 5! 14! 6! 13! 7! 12! 8! 11! 9! 10! 1!1S! 

N 



find the greatest integer that is less than 



100" 



AIME2 4 / ^\4R 

2oo5#7 Let X = — = — — — — — —= -. Find + 1) . 

(^/5 + l)(y5 + l)(y5 + l)( + 



AIME Compute 

1987#14 



(10^ + 324)(22^ + 324)(34^ + 324)(46^ + 324) (58^ + 324) 
{4^ + 324){16'i + 324){28'i + 324){40^ + 324) {52^ + 324) " 



3 



Functions, Floor & Logarithm 

AIME Functions Problenns 



AIME 
1983#2 



Let f(x) = |:r - p| + |:r — 15| + |:e - p — 15|, where p<x<lb- Determine the minimum 
value tal<en by f{x) by x in the interval 0 < p < 15. 



AIME For any positive integer k let fi{k) denote the square of the sum of the digits of k. For 
'''''' n > 2, let Uk) = MU-i{k)). Find /igaa{ll)- 



AIME The function / has the property that, for each real number 

1994#3 ^ 

f{x) + f{x-l) = x'. 
If /(19) = 94, what is the remainder when /(94) is divided by 1000? 
AIME Find the area of the region enclosed by the graph of - 60| + \y\ = \x/4\. 

1987#4 

AIME Find the positive integer n for which 

1994#4 

[loga IJ + [log2 2J + [log-2 3J + ■ ■ ■ + [loga nj = 1994. 
(For real x, [x\ is the greatest integer < x- 

AiME The function f is defined on the set of integers and satisfies 

1984#7 



. _ . „ if Ti > 1000 

fV^} - S ifiKlOOO 



Find /{84) 



AIME Tlie function /, defined on the set of ordered pairs of positive integers, satisfies the 

1988#8 . ■ .■ 

following properties: 

f(x,y) = f(y,x), and 
{x + y)f(x, y) = yf{x, x + y). 

Calculate /{14, 52). 

AIME2 A certain function / has the properties that f{Zx) — 3/{jj)for all positive real values of x, 
and that f{x) =1- | - 2 | for 1 < a: < 3. Find the smallest x for which f{x) = /{2001). 



2001 #8 



AIME A function / is defined for all real numbers and satisfies f{2 + x) — f{2 — x) and 
i984#i2 j,^^ -(- ^) = - :r) for all J? If j? = 0 is a root for f(x) = 0, what is the least number of 
roots f{x) - 0 must have in the interval -1000 <X< 1000? 

AIME For each permutation ai, fi2,fi3, . . . ,fiio of the integers 1, 2, 3, ... , 10, form the sum 

1996#12 

|ai -aal + \as -a4\ + 1^5 -ael + laT-asI + ha -tilO|. 

The average value of all such sums can be written in the form p/q^ where p and q are 
relatively prime positive integers. Find p + Q. 



1 



Functions, Floor & Logarithnn 



997#i2 The function / defined by f{x) = ^ . wliere a^b^c and d are nonzero real numbers, 



AIME 
1 



-d 



{:x +d' 

has the properties /{19) = 19, /{97) = 97 and /{/{^)) = x for all values except — ^. Find 
the unique number that is not in the range of /. 
AIME Given a function / for which 

fix) = /{398 -x)= /{215S -x)= /{3214 - x) 

holds for all real t, what is the largest number of different values that can appear in the list 
m. /{1)J{2).- - J{999)? 



2000#12 



AIME 
2004#12 



Let S be the set of ordered pairs {x^ y) such that Q <x <1 0 <y <l and 



logi 



•G) 



log: 



and 



are both even. Given that the area of the graph of S is m/n where m and n 



are relatively prime positive integers, find m + n. The notation [z] denotes the greatest 
integer that is less than or equal to 2 



AIME Let S be the set of points in the Cartesian plane that satisfy 

1997#13 



a; -2 -1 



+ 



1/1-2-1 



= 1. 



If a model of S were built from wire of negligible thickness, then the total length of wire 
required would be a where a and b are positive integers and b is not divisible by the 
square of any prime number. Find a + b. 

AIME2 Let f{x) be a polynomial with real coefficients such that /{O) = 1, /{2) + /(3) = 125, and 
for all X, f{x)f{2x^) = f{2x^ +x). Find /{5). 



2007#14 



2 



Functions, Floor & Logarithnn 

AIME Floor Function Problems 



AiME Suppose r is a real number for which 

1991 #6 



2007#7 



AIME2 
2002#8 



19 I I 20 I I 21 I 



■r + 



100 



= 546. 



Find [lOOr^J (For real x, [x\ is the greatest integer less than or equal to x.) 

AIME2 Given a real number :r, let [x\ denote the greatest integer less than or equal to x. For a 
certain integer fc, there are exactly 70 positive integers ni,n2^ ■ ■ ■ ^^^70 such that 
k = [-^/nij = L v^J = ■ ■ ■ = L v^^^7oJ divides rii for all i such that 1 < * < 70. 

Find the maximum value of — for 1 < i < 70. 



2002 

Find the least positive integer k for which the equation [ ^ J = k has no integer solutions 
for n. (The notation [xj means the greatest integer less than or equal to x.) 

AIME Given a nonnegative real number x^ let (x) denote the fractional part of x: that is, 

1997#9 J h I I I I 

{x} = X - [x\^ where [:rj denotes the greatest integer less than or equal to x- Suppose that 
a is positive, (a^^) = (a^), and 2 < < 3. Find the value of a^^ - 144a"^. 

AIME How many of the first 1000 positive integers can be expressed in the form 

1985#10 

[2x} + [4rJ + [Oxj + [8d:J, 
where x\s a real number, and [zj denotes the greatest integer less than or equal to S 



3 



Functions, Floor & Logarithm 

AIME Logarithm Problems 



AIME 
1983#1 



Let x:y, and 2 all exceed 1 and let w be a positive number such that log^ w = 24, 
log^ w = 40, and log^.^^ w = 12. Find log^ w 



AIME2 The number 

2000#1 



+ 



log4 2000^ logs 2000^ 
rn 

can be written as — where m and n are relatively prime positive integers. Find m + n. 
n 

AIME Find the last three digits of the product of the positive roots of 

1995#2 

AIME2 The lengths of the sides of a triangle with positive area are \og-^Q 12 log^g 75 and logiQft 
where n is a positive integer. Find the number of possible values for n 



I'^L Find {log2 J^f if logailogf, x) = log^iloga x). 



1988#3 



AIME2 It is given that log^^ a + log^b + \og^c = 6, where a, 6, and c are positive integers that form 



2002#3 



an increasing geometric sequence and b - a \s the square of an integer. Find + 6 + 

AIME Given that log-LQainar +logig COS = -1 and that logiQ{sinar + cos ar) = |{log-L(^n — 1), find 
n. 



AIME 
1984#5 



Determine the value of ab if log^ a + log^ 6^ = 5 and log^ b + log4 = 7 



AIME2 Determine the number of ordered pairs (a, 6) of integers such that log^6 + 61og^ii = 5, 



2005#5 



2 < a < 2005, and 2 < 6 < 2005. 



AIME The solutions to the system of equations 

2002#6 



log225^ + log(;4i; = 4 
log^ 225 -logy 64 = 1 



are and (x2,y2). Find log^o (xiyiX2y2). 



AIME Let 

2007#7 



1000 



fe=l 



Find the remainder when N is divided by 1000. (Here [^J denotes the greatest integer that 
is less than or equal to x, and \x] denotes the least integer that is greater than or equal to 

X. 



4 



Functions, Floor & Logarithnn 



AiME The systenn of equations 

2000#9 

logio(20003:y)- (logic 2:)(log 10 y) = 4 

logio{2y2r) - {logioy)(logio^) = 1 

logio{2000^a:)- {logic ^)(log 10 = 0 

has two solutions (xif-yu Zi) and {X2fy2f ^2). Find yi + y2. 

AIME The sequence fli, G2, ... is geometric with ai = a and common ratio r where a and r are 

2oo6#9 pQ5j|.jyg integers. Given that logg ai + logg 02 H h logg fii2 = 2006, find the number of 

possible ordered pairs {ti,r) 



5 



Polynomial 



AIME Polynomial Problems 



AIME 
1996#3 



Find the smallest positive integer n for which the expansion of {x'y - Zx + 7y — 21)^, after 
like terms have been collected, has at least 1996 terms. 



AIME /J \ ^^^'l 

2ooi#3 pjpcl the sum of the roots, real and non-real, of the equation x^^^^ "^(2"^) 



given that there are no multiple roots. 



AIME Let Poix) = + 313:jr - 77^ - 8. For integers n>l, define P^(x) = P^-i(x ~n). What 



IS the coefficient of in F2o(^J 
AIME For certain real values of a^b^c, and the equation +ax^ + bx'^ +{-:x + d = Q has four 

1995#5 

non-real roots. The product of two of these roots is 13 + i and the sum of the other two 
roots is 3 + 4i, where i = v'^^. Find b. 

AIME Suppose that the roots of x^ + 3^^ + 4^ - 11 = 0 are a^b, and and that the roots of 

1996#5 19 

X + rx + SX + t = 0 are a + b^b + c^ and c + a. Find i. 



AIME Let P be the product of the nonreal roots of x —4x + Qx ~4x = 2005. Find [PJ. 



LCL J. UC LI IC VJl UUUL-L Ul LI IC I lUI II CO I I UULD Ui AiflT^ _!_ i^r**^ 

2005#6 

AIME Let C be the coefficient of x'^ in the expansion of the product 
2oo4#7 _ ^j^j ^ 2^j^^ - 3^) , , . (1 + 14^){1 - 15^). Find Id 

AIME2 Let r, 8, and t be the three roots of the equation 

2008#7 

Sx^ + WQlx + 2008 = 0. 

Find(r + sf + +(t 

AIME The polynomial P{x) is cubic. What is the largest value of k for which the polynomials 

Qi {x) =x'^ -\- (k - 29)x - k and Q2{x) = 2^^ + {2k - 4Z)x + k are both factors of P{x)7 



AIME2 
2003#9 



Consider the polynomials P{x) = x^ - x^ - x^' - x'^ — x and Q{x) = x^ - X' - x'^ - 1. 
Given that 21, 22,23, and 24 are the roots of Q{x) = 0, find P{2i) + P{22) + P{^3) + P{^4)- 



AIME The polynomial I ~ x + x^ ~ x^ + - - + x^^ —x^"^ may be written in the form 
the value of £3:2 



£io + ^ly + ^2y^ + - - - +(ii^y^^ + ^ijy^'^, where y = x + 1 and thet ti-i's are constants. Find 



AIME Let P be the product of the roots of 2^ + 2^ + 2^^ + + 1 = 0 that have positive imaginary 
part, and suppose that P = r{cofi O"" + isintf''), where 0 < r and 0 < < 360. Find 9. 

AIME Find £1 if d and b are integers such that x^ — — 1 is a factor of ax^^ + bx^^ + 1. 

1988#13 

AIME The equation 

1994#13 

x^^ + {IZx - l)^^ = 0 

has 10 complex roots ri,fr,r2,»^,r3,*^,J*4,j^,rg,f5, where the bar denotes complex 
conjugation. Find the value of 

11111 

riri Tara r^Vs fgrj 

1 



Polynomial 



AIME2 The equation 2000:r*' + lOftr^ + lOx^ + x - 2 = 0 has exactly two real roots, one of which 

2000#13 1^ ^ 

is where m^n and r are integers, rn and r are relatively prime, and r > 0- Find 

T 

m + n + r. 

The polynomial F{x) = {1 + x + Z^ + x^'^)'^ - x^"^ has 34 complex roots of the form 

= rfc [cos{27rafc) + i mi{27rak)],k = 1, 2, 3, . . . ,34, with 0 < ai < < 03 < ■ ■ ■ < a34 < 1 
and rfe > 0- Given that ai + ^2 + <J3 + <l4 + <l5 = m/n, where m and n are relatively prime 
positive integers, find m + n. 



AIME 
2004#13 



2005#13 



AIME2 Let P{x) be a polynomial with integer coefficients that satisfies P(17) = 10 and 

P{24) = 17. Given that F{n) = n + Z has two distinct integer solutions rn and n2, find the 
product ni ■ Tit 2. 



AIME Let 

2008#13 



Suppose that 

p(0,0) = p{l,6) = K-1.0) = p{OA) = p{0,-l) = p{hl) = p{h-l) = 
p{2, 2)=0 

There is a point ( ~^ ~ 1 f^r which p f - J = 0 for all such polynomials, where a, b, and c 
are positive integers, a and c are relatively prime, and 0 > 1 Find £i + 6 + c. 

AIME2 Let 

2003#15 

23 

Let zi^ -^Zr be the distinct zeros of P{^), and let zj^ = ak + bki for fc = 1, 2, . . . 
where i = \/^, and and 6^ are real numbers. Let 



where and p are integers and p is not divisible by the square of any prime. Find 
rn + n + p. 



2 



Complex Number 



AIME Complex Number Problems 

AiME Find c if a, b, and c are positive integers which satisfy c = {a + bi)^ — 107i, where = -1. 



1985#3 



AIME The complex number z is equal to 9 + bi, where 6 is a positive real number and = — 1 



2007#3 



Given that the imaginary parts of and are equal, find b 



AIME The equation 2^ +2 +1 has complex roots with argument 8 between 90^ and ISO^ in thet 
i984#8 ^Qppipigx plane. Determine the degree measure of 9 



AIME A function / is defined on the complex numbers by f{z) = {a + bi)2^ where a and b are 
positive numbers. This function has the property that the image of each point in the 
complex plane is equidistant from that point and the origin. Given that \a + bi\ = ^ and that 
b^ = m/n^ where m and n are relatively prime positive integers. Find rn + n. 

2ooo#9 Given that :^ is a complex number such that 2 +- = 2cofi 3^^ find the least integer that is 

z 

greater than ^r'*'*'*' + -^S- 

AIME2 For how many positive integers n less than or equal to 1000 is 
{sin t + i COS i)""' = ^n'^rd + i cos rd true for all real tl 



AIME 
1990#10 



The sets j4 = {^r : z'^^ = 1} and D = {w : = 1} are both sets of complex roots of unity. 
The set C = {zw : z E A aiid e B} is also a set of complex roots of unity. How many 
distinct elements are in C? 

i^992#io Consider the region A in the complex plane that consists of all points z such that both — 
40 

and — have real and imaginary parts between 0 and 1 inclusive. What is the integer that 

2 

is nearest the area of A? 

AIME Let ii.?i,-u^2,- - - ,1^71 be complex numbers. A line L in the complex plane is called a mean line 
i988#ii ^1^^ points ^1,^2,- - - /i^Ti if L contains points (complex numbers) 2-1, 22^-- -^Zj^ such 
that 



^(zk - u?fe) = 0. 
fc=i 



For the numbers =Z2 + UOi = -7 + Mi iiM = -9 + 200i W4 = l + 27i and 

= -14 +431 there is a unique mean line with y intercept 3. Find the slope of this mean 
line. 

AIME2 A regular hexagon with center at the origin in the complex plane has opposite pairs of 
2oo8#i3 gj^gg ypj^ apart. One pair of sides is parallel to the imaginary axis. Let R be the region 

outside the hexagon, and let S' = { -E R}. Then the area of S has the form aw + "/b, 
where a and b are positive integers. Find a + b 



1 



Complex Number 

AiME Given a positive integer n, it can be shown that every complex number of the form r + at 
i989#i4 ^i^gpg ^ ^ integers, can be uniquely expressed in the base —n + i using the 
integers 1, 2, . . . as digits. That is, the equation 

r + M = ajj,{-n + + ajn~i{-n + H \- (ii{-n + i) + ao 

is true for a unique choice of non-negative integer m and digits ao,ai,. - - chosen from 
the set {0, 1,2,..., n^}, with a^, ^ 0 We write 

r + si = {fi^id^-i . . . ai(io)_rt+^ 

to denote the base —n + i expansion ofr-\-$i There are only finitely many integers + Oi 
that have four-digit expansions 

k = {asa2a±ao)-!^^i aa ^ 0. 

Find the sum of all such k 
AIME Let V and w be distinct, randomly chosen roots of the equation 1=0- Let m/n be 

1997#14 A ' 

the probability that \v + where m and 7^ are relatively prime positive 

integers. Find m + n. 

AIME2 There are 2n complex numbers that satisfy both — — 1 = Q and | if |= 1. These 

numbers have the form = oosfl^i + isinfl-rn, where 0 < fli < ^2 < ■ ■ ■ < ^2tt < 360 and 
angles are measured in degrees. Find the value of ^2 + ^4 + - - - + ^2^1 



2 



Sequence & Series 



1984#1 



AIME 
1985#1 



AIME 
1995#1 



AIME Sequence & Series Problems 



AIME Find tlie value of + 'i4 + + 'ie + ■ ■ ■ + 'f ^i' ^2, fia. . . is an aritlinnetic progression 



witli common difference 1, and ai + + + . . . +a^^ = 137. 

n 

Let xi = 97, and for n > 1 let x^ = Calculate the product xiX2X3^^4^B^e^7XQ 



AIME The increasing sequence 2, 3, 5, 6, 7, 10, 11, . . . consists of all positive integers that are 

1 990#1 

neither the square nor the cube of a positive integer. Find the 500th term of this sequence. 

AIME The increasing sequence 3, 15, 24,48, . . . consists of those positive multiples of 3 that are 
one less than a perfect square. What is the remainder when the 1994th term of the 
sequence is divided by 1000? 

Square 5i is 1 x 1. For i > 1, the lengths of the sides of square Si ^ 1 are half the lengths of 
the sides of square Si, two adjacent sides of square Si are perpendicular bisectors of two 
adjacent sides of square 5i n ^ the other two sides of square 5"i n ^ the 
perpendicular bisectors of two adjacent sides of square Si ^ 2- The total area enclosed by at 
least one of 51,52,53,54,55 can be written in the form m/n, where m and n are relatively 
prime positive integers. Find m - n. 



AIME2 
2008#1 



1991 #2 




S2 



Let = 100^ + 99^ - 98^ - 97^ + 96^ + ■ ■ ■ + 4^ + 3^ - 2^ - 1^ where the additions and 
subtractions alternate in pairs. Find the remainder when N is divided by 1000. 



AIME Rectangle ABCD has sides AD of length 4 and CB of length 3. Divid e AB into 168 



congruent segments with points A = Pq^ Pi, . . . , Pi^s = B, and divide CB into 168 
congruent segm ents with points C = Qo, Qi, ■ ■ ■ , = B . Fo r 1 < k < 1G7, draw the 
segment s Pk Qk Repeat this construction on the sides AD and CD, and then draw the 
diagonal AC Find the sum of the lengths of the 335 parallel segments drawn. 

AIME During a recent campaign for office, a candidate made a tour of a country which we 
assume lies in a plane. On the first day of the tour he went east, on the second day he 
went north, on the third day west, on the fourth day south, on the fifth day east, etc. If the 
candidate went n^/2 miles on the n^^ day of this tour, how many miles was he from his 
starting point at the end of the 40*^*^ day? 

AIME One hundred concentric circles with radii 1, 2, 3, ... , 100 are drawn in a plane. The interior 
2oo3#2 ^1^^ circle of radius 1 is colored red, and each region bounded by consecutive circles is 
colored either red or green, with no two adjacent regions the same color. The ratio of the 
total area of the green regions to the area of the circle of radius 100 can be expressed as 
m/n, where m and n are relatively prime positive integers. Find m + n. 



1 



Sequence & Series 

AiME Set A consists of m consecutive integers wliose sum is 2m, and set B consists of 2m 
2oo4#2 consecutive integers wliose sum is m. Tlie absolute value of the difference between the 
greatest element of A and the greatest element of B is 99- Find m 

AIME For each positive integer k let Sk denote the increasing arithmetic sequence of integers 
whose first term is 1 and whose common difference is k. For example, S3 is the sequence 
1^4,7, 10^ .... For how many values of k does Sk contain the term 2005 

AIME2 Given that 
2001 #3 

^1 = 211, 

X2 = 375, 

^3 = 420, 

X4 = 523, and 

Xn = ^rt-i - ^n~2 + - when n > 5, 



find the value of :rB3i +^T53 + ^975- 

AIME2 An infinite geometric series has sum 2005- A new series, obtained by squaring each term of 
2oo5#3 ^.|^^ original series, has 10 times the sum of the original series. The common ratio of the 

m 

original series is — where m and n are relatively prime integers. Find m + n. 



2oo2#4 Consider the sequence defined by ak = r fo'' fc > 1. Given that 

fc2 + k ~ 

fim + *1tfi+i + " - - + an~i = 1/29, for positive integers m and n with m < n find m + n. 
AIME2 Let (ai,(i2: (^3^ ■■■^'^12) be a permutation of {1, 2, 3, ...,12) for which 

2006#4 

ai > 02 > > a4 > as > and < ar < aa < 09 < aio < an < ai2. 



An example of such a permutation is {6, 5, 4, 3, 2, 1, 7, 8, 9, 10, 11, 12). Find the number of 
such permutations. 

AIME A sequence of integers ai, a2, ^3, ... is chosen so that a„ = a^i-i — 0.^-2 for each > 3 
i985#5 yyi^g^ jg g^pp, fjP5l- 2001 terms of this sequence if the sum of the first 1492 terms 

is 1985, and the sum of the first 1985 terms is 1492? 

AIME it is possible to place positive integers into the vacant twenty-one squares of the 5x5 
i988#6 gqygpg shown below so that the numbers in each row and column form arithmetic 

sequences. Find the number that must occupy the vacant square marked by the asterisk 

(*). 









* 






74 
















186 






103 






0 
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Sequence & Series 

10000 



AIME2 
2002#6 



2004#6 



2008#6 



AIME 
1992#8 



Find tine integer tliat is closest to 1000 ^ —z^ — 

^ - 4 



AIME2 Tliree clever monkeys divide a pile of bananas. The first monkey takes some bananas from 
the pile, keeps three- fourths of them, and divides the rest equally between the other two. 
The second monkey takes some bananas from the pile, keeps one- fourth of them, and 
divides the rest equally between the other two. The third monkey takes the remaining 
bananas from the pile, keeps one-twelfth of them, and divides the rest equally between the 
other two. Given that each monkey receives a whole number of bananas whenever the 
bananas are divided, and the numbers of bananas the first, second, and third monkeys 
have at the end of the process are in the ratio 3:2:1, what is the least possible total for 
the number of bananas? 



AIME2 The sequence is defined by 

do 



= l^ai = 1, and a.^ — Hn-i H — ^ for n> 2. 
The sequence {bn} is defined by 



6c = l^bi = 3, and = b^^i + for n > 2. 

K-2 



Find 

^32 



AIME The increasing sequence 1^ 3^4^ 9, 10, 12, 13 ■ ■ ■ consists of all those positive integers which 
are powers of 3 or sums of distinct powers of 3. Find the 100*^*^ term of this sequence. 

AIME The Binomial Expansion is valid for exponents that are not integers. That is, for all real 
numbers x^y, and r with \x\ > \y\^ 

(a:+iiyj =x +rx H — x y H x y H 



What are the first three digits to the right of the decimal point in the decimal 
representation of (lO^™^ + i)^*^'^^ 



For any sequence of real numbers A = {ai, ^2^ (13^ ■ ■ ■) define AA to be the sequence 
{a2 — <l3 ~ <l2: <i4 — (13^ ■ ■ whose term is Un+i — Gti- Suppose that all of the terms 
of thet sequence A{Aj4) are 1, and that aig = ag2 = 0 Find ai- 

AIME Except for the first two terms, each term of the sequence 1000, 1000 — ar, ... is obtained 
i998#8 subtracting the preceding term from the one before that. The last term of the sequence 

is the first negative term encounted. What positive integer x produces a sequence of 

maximum length? 

AIME Find the smallest integer k for which the conditions 

2oo2#8 ^j^-j ^^^^2,£i3, ... is a nondecreasing sequence of positive integers 

(2) 

+ aTi-2 for all n > 2 

(3) aq = fc 

are satisfied by more tlian one sequence. 



3 



Sequence & Series 



AiME I n an increasing sequence of four positive integers, tine first tliree terms form an aritlimetic 
progression, tlie last tliree terms form a geometric progression, and tine first and fourtli 
terms differ by 30. Find tine sum of tlie four terms. 

AIME2 Find the eighth term of the sequence 1440, 1716, 1848, . . . , whose terms are formed by 
multiplying the corresponding terms of two arithmetic sequences. 

AIME2 A sequence of positive integers with ai = 1 and + a^o = &4G is formed so that the first 
~ three terms are in geometric progression, the second, third, and fourth terms are in 

arithmetic progression, and, in general, for all n > 1 the terms 0.271.-1 02ti. £22^1 u are in 
geometric progression, and the terms a2n, 02ti.\i, and £^2^ ^2 are in arithmetic progression. 
Let an be the greatest term in this sequence that is less than 1000. Find n +0^- 



2008#9 



AIME 
2000#10 



AIME2 A particle is located on the coordinate plane at (5,0). Define a move for the particle as a 
counterclockwise rotation of 7r/4 radians about the origin followed by a translation of 10 
units in the positive x direction. Given that the particle's position after 150 moves is {p^q\ 
find the greatest integer less than or equal to \p\ + \q\ 

A sequence of numbers xi^X2^x:j^^ - - - ,^100 has the property that, for every integer k 
between 1 and 100, inclusive, the number Xk is k less than the sum of the other 99 
numbers. Given that x^o = -m/n, where m and n are relatively prime positive integers, find 
m + n. 

AIME2 Two distinct, real, infinite geometric series each have a sum of 1 and have the same second 
2oo2#ii ^gpppj ji^g third term of one of the series is 1/8, and the second term of both series can be 

\/m - n 

written in the form , where m, n, and p are positive integers and m is not divisible 

P 

by the square of any prime. Find 100m + lOn + p. 
AIME2 Let m be a positive integer, and let a^^au- . . be a sequence of integers such that 

2005#1 1 j 

ao = 37, a-i = 72, a^i = 0, and a^ n = <^k~i ~ — for k = 1, 2, . . . ,m — 1. Find m 

AIME2 A sequence is defined as follows ai =02 = fi3 = 1, and, for all positive integers n 
= an+2 + + Given that 02^ = 6090307, 02^ = 11201821, and 

2fi 

£i30 = 20603361, find the remainder when ^(ife is divided by 1000. 
AIME For each positive integer p, let b{p) denote the unique positive integer k such that 

2007#ii ^ 2007 

l-^' ~ s/p\ < ^- For example, fe{6) = 2 and fe{23) = 5 \f S = ^ b{p), find the remainder 
when S is divided by 1000. 



AIME 
1993#12 



The vertices of AABC are ^ = (0,0) B = (0,420) and C = (560,0) The six faces of a 
die are labeled with two As, two B's, and two C's. Point Pi = (fc,-m) is chosen in the 
interior of AABC, and points P2 P3 P4,. are generated by rolling the die repeatedly 
and applying the rule: If the die shows label L where L e {A ^-^C} and P„ is the most 
recently obtained point, then Pji+i is the midpoint of P„.L Given that Pj = (14, 92), what 
is k + rn 



4 



Sequence & Series 

AIME2 Given a triangle, its midpoint triangle is obtained by joining the midpoints of its sides. A 
sequence of polyhedra Pi is defined recursively as follows: Pq is a regular tetrahedron 
whose volume is 1. To obtain Pi ^ i, replace the midpoint triangle of every face of Pi by an 
outward-jointing regular tetrahedron that has the midpoint triangle as a face. The volume 

of P3 is — where m and n are relatively prime positive integers. Find m + n. 
n 



AIME 
2002#1 



2 Let F{s!:) = : for all complex numbers z ^ and let Zn = P(irjT^i) for all positive 

integers n. Given that zq = —— + i and 5:2002 = a + where a and b are real numbers, 
find a + b. 

AIME2 ji^g increasing geometric sequence 3^0,1^17:^27 ■ ■ ■ consists entirely of integral powers of 3. 
Given that 



J2 = and 56 < \og^ fe^") ^ 



find log3(:ri4)- 



AIME 
1995#13 



IMS 



Let f{n) be the integer closest to Find ^ 'J7TX 



AIME 
1998#13 



If {fii,fi27 *i37- ■ ■ ^^Ti] is a set of real numbers, indexed so that ai < ^2 < ^13 < ■ ■ ■ < its 

complex power sum is defined to be art +a2-i^ + a!^i^ H +aTi.i^^ where = ~1. Let 

be the sum of the complex power sums of all nonempty subsets of {1, 2, . . . Given that 
= —176 — QM and = p + qi, were p and q are integers, find \p\ + \q\. 

AIME2 A triangular array of squares has one square in the first row, two in the second, and in 
2oo7#i3 ggpgp3|^ squares in the k h row for 1 < fc < 11. With the exception of the bottom row, 
each square rests on two squares in the row immediately below (illustrated in given 
diagram) . I n each square of the eleventh row, a 0 or a 1 is placed. Numbers are then 
placed into the other squares, with the entry for each square being the sum of the entries 
in the two squares below it. For how many initial distributions of Os and I's in the bottom 
row is the number in the top square a multiple of 3? 



AIME2 Every positive integer k has a unique factorial base expansion (/i.A^/i^- ■ ■ 7 /m)7 meaning 

2000#14 ^, ^ 

that 

= 1! ■ /i + 2! - /2 + 3! " /3 + ■ ■ ■ + m! - 

where each fi is an integer, 0 < /i < ^7 and 0 < /m- Given that {/i 7/27/37- ■ ■ 7 /j) is the 
factorial base expansion of 16! - 32! + 48! - 64! + ■ ■ ■ + 1968! = 1984! + 2000!7 find the 
value of /i - /2 + /^ - /4 + ■ ■ - + {-ly ' Vi- 

AIME Let a sequence be defined as follows: ai =Z ^2 = 3 and for n > 2, 

2007#14 ^2 I ^2 

a^+iaTi-i = + 2007. Find the largest integer less than or equal to ^ 

^2007^2006 



5 



Sequence & Series 

AiME Define a domino to be an ordered pair of distinct positive integers. A proper sequence of 
i998#i5 (jominos is a list of distinct dominos in wliicli tlie first coordinate of eacli pair after tlie first 
equals the second coordinate of the immediately preceding pair, and in which {i,j)and 
(j^i) do not both appear for any i and j. Let D40 be the set of all dominos whose 
coordinates are no larger than 40. Find the length of the longest proper sequence of 
dominos that can be formed using the dominos of D4Q. 

AIME For all positive integers :r let 

2004#15 



and define a sequence as follows: xi = x and x^^t = f{Xn) for all positive integers n Let 
d{x) be the smallest n such that = 1 (For example, fi{100) = 3 and rf{87) = 7.) Let m 
be the number of positive integers x such that d{x) = 20- Find the sum of the distinct 
prime factors of m. 

AIME Given that a sequence satisfies :ro = 0 and \xk.\ = Ixk^i + 3| for all integers fc > 1^ find the 

2006#15 . . ... , r I , , I I 

minimum possible value of |:ri + H h ^aooel- 




^ if X is divisible by 10 
x + l otherwise 



1 ifx=l 
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NumberTheory 

AIME Number Theory Problems 

AiME Find the sum of all positive rational numbers that are less than 10 and that have 

i992#i denominator 30 when written in lowest terms. 

AIME How many of the integers between 1 and 1000, inclusive, can be expressed as the 

i997#i c|jffepep(-e of the squares of two nonnegative integers? 



AIME 
1998#1 



For how many values of k is 12^^ the least common multiple of the positive integers 6*^^ 8^^ 
and k 



AIME Find the smallest prime that is the fifth term of an increasing arithmetic sequence, all four 
preceding terms also being prime. 

AIME Find the least positive integer n such that no matter how 10" is expressed as the product 
2ooo#i gi^y positive integers, at least one of these two integers contains the digit 0- 

AIME2 Let N be the largest positive integer with the following property: reading from left to right, 
each pair of consecutive digits of N forms a perfect square. What are the leftmost three 
digits of A^? 

AIME2 Given that 

2002#1 

(1) X and y are both integers between 100 and 999, inclusive: 

(2) y is the number foinied by reversing the digits of x; and 

(3) - = \x-y\. 

How many distinct values of 2 are possible? 
AIME Given that 

2003#1 

((3!)!)! 



= k - n]^ 



where k and n are positive integers and n is as large as possible, find k + n. 

AIME2 The product of three positive integers is 6 times their sum, and one of the integers is 
2oo3#i ^1^^ other two. Find the sum of all possible values of N. 

AIME The digits of a positive integer n are four consecutive integers in decreasing order when 
^^^"^^^ read from left to right. What is the sum of the possible remainders when n is divided by 
37? 

AIME The integer n is the smallest positive multiple of 15 such that every digit of n is either 8 or 

1984#2 n 

0. Compute — 
15 

AIME2 A point whose coordinates are both integers is called a lattice point. How many lattice 
points lie on the hyperbola -y^ = 2000^ 

AIME2 Let be the greatest integer multiple of 8, no two of whose digits are the same. What is 



2003#2 



the remainder when is divided by 1000? 



1 



NumberTheory 



AiME By a proper divisior of a natural number we mean a positive integral divisor other than 1 
and the number itself. A natural number greater than 1 will be called "nice" if it is equal to 
the product of its distinct proper divisors. What is the sum of the first ten nice numbers? 

AIME Suppose n is a positive integer and d is a single digit in base 10. Find n if 

1989#3 

=0.(f25<f25<f25... 



AIME 
1990#3 



AIME 
1999#3 



AIME 
2000#3 



2005#3 



2006#3 



910 



Let Pi be a regular n gon and P2 be a regular s gon (r > ^ > 3) such that each interior 
59 

angle of Pi is — as large as each interior angle of P2. What's the largest possible value of 
58 

AIME Sarah intended to multiply a two-digit number and a three-digit number, but she left out 
the multiplication sign and simply placed the two-digit number to the left of the three-digit 
number, thereby forming a five-digit nmber. This number is exactly nine times the product 
Sarah should have obtained. What is the sum of the two-digit number and the three-digit 
number? 



Find the sum of all positive integers n for which - I9n + 99 is a perfect square. 

I n the expansion of {ax + 6)^™^, where a and b are relatively prime positive integers, the 
coefficients of j;^ and are equal. Find a + b. 



AIME How many positive integers have exactly three proper divisors, each of which is less than 



50? 



AIME Find the least positive integer such that when its leftmost digit is deleted, the resulting 



integer is 1/29 of the original integer. 



AIME2 Let P be the product of the first 100 positive odd integers. Find the largest integer k such 

2006#3 ^, ^ r> ofe 

that P IS divisible by 

AIME Ed and Sue bike at equal and constant rates. Similarly, they jog at equal and constant 
2oo8#3 pg^gg^ ^i^gy s^jppi at equal and constant rates. Ed covers 74 kilometers after biking for 2 
hours, jogging for 3 hours, and swimming for 4 hours, while Sue covers 91 kilometers after 
jogging for 2 hours, swimming for 3 hours, and biking for 4 hours. Their biking, jogging, 
and swimming rates are all whole numbers of kilometers per hour. Find the sum of the 
squares of Ed's biking, jogging, and swimming rates. 

AIME \fa<b<c<d<fi are consecutive positive integers such that 6 + + if is a perfect 
i989#4 gqygpg perfect cube, what is the smallest possible value of ft 

AIME In Pascal's Triangle, each entry is the sum of the two entries above it. In which row of 
i992#4 p35^3|'5 Triangle do three consecutive entries occur that are in the ratio 3:4:5? 



Row 0: 






1 










Row 1: 






1 


1 








Row 2: 




1 


2 




1 






Row 3: 


1 




3 


3 




1 




Row 4: 


1 


4 


6 




4 




1 


Row 5: 


1 5 




10 


10 




5 




Row 6: 


1 6 


15 


20 




15 




6 



1 

1 



NumberTheory 



AiME A wooden cube, whose edges are one centimeter long, rests on a horizontal surface. 

1 996#4 

Illuminated by a point source of light that is x centimeters directly above an upper vertex, 
the cube casts a shadow on the horizontal surface. The area of the shadow, which does not 
indued the area beneath the cube is 48 square centimeters. Find the greatest integer that 
does not exceed lOOto. 

AIME2 What is the smallest positive integer with six positive odd integer divisors and twelve 
2ooo#4 pQgjtjyg eyen integer divisors? 

AIME The director of a marching band wishes to place the members into a formation that 
2oo5#4 jp^iy^gg g|| of them and has no unfilled positions. If they are arranged in a square 

formation, there are 5 members left over. The director realizes that if he arranges the 
group in a formation with 7 more rows than columns, there are no members left over. Find 
the maximum number of members this band can have. 

AIME Let N be the number of consecutive O's at the right end of the decimal representation of 
the product l!2!3!4! ■ ■ ■ 991100!. Find the remainder when N is divided by 1000. 

AIME There exist unique positive integers x and y that satisfy the equation 

2008#4 

+ Mx + 2008 = y^. Find x + y 



AIME2 
2008#4 



AIME 
1986#5 



AIME 
1987#5 



AIME 
1992#5 



AIME 
1994#5 



There exist r unique nonnegative integers ni > n2> - - > Ur and r unique integers Uk ( 
1 < < t) with each ak either 1 or -1 such that 

ai3^' + ^223^^ + ■ ■ ■ + a^3"- = 2008. 

Find ni + na + ■ ■ ■ + tit 

What is that largest positive integer n for which + 100 is divisible by n + 10 
Find dx^y'^ if or and y are integers such that y^ + Zx^y^ = dOx^ + 517. 



AIME Let ra/n, in lowest terms, be the probability that a randomly chosen positive divisor of 10^^ 

1988#5 ' Qo 

is an integer multiple of 10^ Find m + n. 

AIME Let n be the smallest positive integer that is a multiple of 75 and has exactly 75 positive 
i99o#5 jptegral divisors, including 1 and itself. Find fi/75. 

AIME Given a rational number, write it as a fraction in lowest terms and calculate the product of 
the resulting numerator and denominator. For how many rational numbers between 0 and 
1 will be 20! the resulting product? 

Let S be the set of all rational numbers r 0 < r < 1 that have a repeating decimal 
expansion in the form O.fi&fti&ftife . . . = O.afe, where the digits a, 6, and c are not 
necessarily distinct. To write the elements of S as fractions in lowest terms, how many 
different numerators are required? 

Given a positive integer n, let p{n) be the product of the non-zero digits of n (If n has 
only one digits, then is equal to that digit.) Let 

S =p{l) +j>(2) +p(3) + - " +p{999). 
What is the largest prime factor of S 



3 



NumberTheory 



AiME The number r can be expressed as a four- place decimal O-fiterf, where a^b^c^ and d 

represent digits, any of which could be zero. It is desired to approximate r by a fraction 
whose numerator is 1 or 2 and whose denominator is an integer. The closest such fraction 
2 

to r is -. What is the number of possible values for F- 



AIME For any positive integer x let S{x) be the sum of the digits of x, and let T(x) be 
'''''' \S{x + 2) - S{x)l For example, 7(199) = |5(201) - 5(199) | = |3- 19| = IG. How many 
values T{x) do not exceed 1999 

AIME2 Find the sum of all positive integers a = 2"3^\ where n and m are non-negative integers, 

2002#5 r . ■ . fi ■ . ■■ ■ r J-iO. 

for which a is not a divisor of 6 . 
AIME Let £i„. equal 6" + 8^ Determine the remainder upon dividing £i|?,3 by 49. 

1983#6 

AIME What is the smallest positive integer than can be expressed as the sum of nine consecutive 
integers, the sum often consecutive integers, and the sum of eleven consecutive integers? 



1993#6 



AIME L et S be the set of real numbers that can be represented as repeating decimals of the form 
2oo6#6 Q_^^ where a^b^c are distinct digits. Find the sum of the elements of S 

AIME A triangular array of numbers has a first row consisting of the odd integers 1^ 3, 5, . . . , 99 in 
2oo8#6 jpcpeasjpg order. Each row below the first has one fewer entry than the row above it, and 
the bottom row has a single entry. Each entry in any row after the top row equals the sum 
of the two entries diagonally above it in the row immediately above it. How many entries in 
the array are multiples of G7? 

AIME Assume that a b c and d are positive integers such that = b^ = d'^ and c - a = 19. 



1985#7 



2008#7 



AIME 
1991 #8 



Determine d~b. 



AIME If the integer k is added to each of the numbers 36 300 and 596, one obtains the squares 
i989#7 three consecutive terms of an arithmetic series. Find k. 



AIME For certain ordered pairs la.b) of real numbers, the system of equations 

1994#7 

ax + by = 1 
x^+y^=50 

has at least one solution, and each solution is an ordered pair {x^y) of integers. How many 
such ordered pairs (a^b) are there? 

AIME2 It is known that, for all positive integers fc, 

2002#7 

.2 ^2 o2 ,2 fc(fc+l)(2fc + l) 

1^ + 2^ + 3^ + ' - + A: = — 

6 

Find the smallest positive integer k such that 1^ + 2^ + 3^ + ■ - - + k^ is a multiple of 200- 

AIME Let Si be the set of all integers n such that 100£ < n < 100(i: + 1). For example, S4 is the 
set 400, 401, 402, . . . ,499. How many of the sets 5o, S'l , S'a, . . . , Sggg do not contain a 
perfect square? 



AIME 

i983#8 What is the largest 2-digit prime factor of the integer 



[iQOj 



For how many real numbers a does the quadratic equation +aar + 6ti = 0 have only 
integer roots for 3r 



NumberTheory 



AIME 
1995#8 



X 

For how many ordered pairs of positive integers {x^y)^ with y < X < 100, are both — and 
X + 1 

integers? 

1/ + 1 

AIME Call a positive integer N a 7-10 do^ible if the digits of the base- 7 representation of jV form 
a base-10 number that is twice N. For example, 51 is a 7-10 double because its base-7 
representation is 102. What is the largest 7-10 double? 

AIME2 How many positive integer divisors of 2004^™"* are divisible by exactly 2004 positive 



2004#8 



integers 



? 



AIME Find the smallest positive integer whose cube ends in 888. 

1988#9 



AIME One of Euler's conjectures was disproved in then 1960s by three American mathematicians 
when they showed 
Find the value of n. 



when they showed there was a positive integer such that 133^ + 110^ + 84^ + 27^ = 



AIME Harold, Tanya, and Ulysses paint a very long picket fence. 
2oo2#9 |_|3pQ|^ starts with the first picket and paints every hth picket; 

Tanya starts with the second picket and paints everth i h picket; and 

Ulysses starts with the third picket and paints every nth picket. 

Call the positive integer lOOfe + IQt + u paintabk when the triple {h^ t^ u) of positive 

integers results in every picket being painted exaclty once. Find the sum of all the 

paintable integers. 

AIME I n a parlor game, the magician asks one of the participants to think of a three digit number 
i986#io where a, b, and c represent digits in base 10 in the order indicated. The magician 
then asks this person to form the numbers (acb), (bca), (bac), (cab), and (cba), to add 
these five numbers, and to reveal their sum, AT. If told the value of N the magician can 
identify the original number, (abc). Play the role of the magician and determine the (abc) if 
= 3194. 

AIME What is the largest positive integer that is not the sum of a positive integral multiple of 42 



1995#10 



and a positive composite integer? 



AIME2 How many positive integer multiples of 1001 can be expressed in the form 10^ — 10^ where 



2001 #10 



i and j are integers and 0 <i < j < 99 



AIME2 Two positive integers differ by 60. The sum of their square roots is the square root of an 
2oo3#io jpteger that is not a perfect square. What is the maximum possible sum of the two 
integers? 



AIME2 Let S be the set of integers between 1 and whose binary expansions have exactly two 
I's. If a number is chosen at random from S the probability that it is divisible by 9 is p/q, 
where p and q are relatively prime positive integers. Find p + q. 



2004#10 



AIME 
1987#11 



Find the largest possible value of k for which 3^"^ is expressible as the sum of k consecutive 
positive integers. 



AIME Someone observed that 6! =8-9-10 Find the largest positive integer n for which n! can 
i99o#ii expressed as the product of n - 3 consecutive positive integers. 

AIME Ninety-four bricks, each measuring 4" x lO" x 19^\ re to stacked one on top of another to 
i994#ii ^^^^ ^ tower 94 bricks tall. Each brick can be oriented so it contribues 4^' or 10^' or 19^' to 

the total height of the tower. How many differnt tower heights can be achieved using all 94 

of the bricks? 
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NumberTheory 



AIME 
2000#1 1 



AIME 
2001 #11 



Let S be the sum of all numbers of the form a/b^ where a and b are relatively prime 
positive divisors of 1000. What is the greatest integer that does not exceed 5/10? 

In a rectangular array of points, with 5 rows and columns, the points are numbered 
consecutively from left to right beginning with the top row. Thus the top row is numbered 1 
through the second row is numbered JV + 1 through 2Ar, and so forth. Five points, 
Pi,P2,P3,P4, and J^, are selected so that each P^ is in row i. Let Xi be the number 
associated with Pi. Now renumber the array consecutively from top to bottom, beginning 
with the first column. Let yi be the number associated with P^ after the renumbering. It is 
found that xi = y2, Z2 = yi, ^3 = y4, ^4 = y^, and :r5 = ^3. Find the smallest possible 
value of N. 

AIME Let m be the smallest integer whose cube root is of the form n + r where n is a positive 
i987#i2 jp|.gggp J. j5 3 positive real number less than 1/1000 Find ri. 



AIME 
2003#13 



AIME For positive integers n let T{n) denote the number of positive integer divisors of n 
2oo5#i2 jp^-i^^jpg -|^ ^ pq,. example, r{l) = 1 and r{G) = 4. Define S{n) by 

S{n) = t{1) + r{2) + ... + r{n). Let a denote the number of positive integers n < 2005 
with S{n) odd, and let b denote the number of positive integers n < 2005 with S{n) even. 
Find 1*1 - b\. 

AIME The numbers in the sequence 101 104 109 116, - ■ ■ are of the form = 100 where 
n = 1, 2, 3, - - For each n, let be the greatest common divisor of and £^^^^ 1 Find the 
maximum value of as n ranges through the positive integers. 

A^E^^^ Let T = {9^ : k is aii integer, 0 < fc < 4000}. Given that Q'*™^ has 3817 digits and that its 
first (leftmost) digit is 9, how many elements of T have 9 as their leftmost digit? 

Let iV be the number of positive integers that are less than or equal to 2003 and whose 
base-2 representation has more I's than O's. Find the remainder when N is divided by 
1000. 

AIME2 How many integers A'' less than 1000 can be written as the sum of j consecutive positive 
2oo6#i3 integers from exactly 5 values of j > 1 

AIME What is the largest even integer that cannot be written as the sum of two odd composite 

1984#14 ^, 

numbers? 

AIME A set S of distinct positive integers has the following property: for every integer x in *S, the 
2oo2#i4 gpj^i^ppig^j^ mean of the set of values obtained by deleting x from S is an integer. Given 

that 1 belongs to S and that 2002 is the largest element of what is the greatet number 

of elements that S can have? 

AIME The decimal representation of m/n where m and n are relatively prime positive integers 
and m < n, contains the digits 2, 5, and 1 consecutively, and in that order. Find the 
smallest value of n for which this is possible. 

AIME2 Consider a string of n 7's, 7777 - ^ 77 into which + signs are inserted to produce an 
2oo4#i4 arjthnpietjc expression. For example, 7 + 77 + 777 + 7 + 7 = 875 could be obtained from 

eight 7's in this way. For how many values of n is it possible to insert + signs so that the 

resulting expression has value 7000? 

AIME2 Let Sn be the sum of the reciprocals of the non-zero digits of the integers from 1 to 10" 
2oo6#i4 pjp^ the smallest positive integer n for which Sn is an integer. 



6 



NumberTheory 

AiME Define a positive integer n to be a factorial tail if there is some positive integer m uch that 
i992#i5 ^1^^ decimal representation of m! ends with exactly n zeroes. How many positiive integers 
less than 1992 are not factorial tails? 

AIME2 Find the largest integer ri satisfying the following conditions: 
2oo8#i5 expressed as the difference of two consecutive cubes; 

(ii) 2n + 79 is a perfect square. 
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AIME Counting Problems 

AiME An ordered pair (m,n) of non-negative integers is called "simple" if the addition m + n\n 

1987#1 

base 10 requires no carrying. Find the number of simple ordered pairs of non-negative 
integers that sum to 1492 

AIME One commercially available ten-button lock may be opened by depressing -- in any order - 
i988#i _ ^i^g correct five buttons. The sample shown below has {1^ 2, 3, G, 9} as its combination. 
Suppose that these locks are redesigned so that sets of as many as nine buttons or as few 
as one button could serve as combinations. How many additional combinations would this 
allow? 



1 
2 
3 
4 
5 




6 
7 
8 
9 
10 



AIME 
1993#1 



AIME 
2001 #1 



AIME 
2002#1 



How many even integers between 4000 and 7000 have four different digits? 

Find the sum of all positive two-digit integers that are divisible by each of their digits. 

Many states use a sequence of three letters followed by a sequence of three digits as their 
standard license-plate pattern. Given that each three-letter three-digit arrangement is 
equally likely, the probability that such a license plate will contain at least one palindrome 
(a three-letter arrangement or a three-digit arrangement that reads the same left-to- right 
as it does right- to- left) is m/n where m and n are relatively prime positive integers. Find 
m + n. 



AIME2 
2005#1 



A game uses a deck of n different cards, where n is an integer and > 6 The number of 
possible sets of G cards that can be drawn from the deck is 6 times the number of possible 
sets of 3 cards that can be drawn. Find n. 



AIME 
2007#1 



AIME2 
2007#1 



AIME 
2008#1 



How many positive perfect squares less than 10 are multiples of 24? 

A mathematical organization is producing a set of commemorative license plates. Each 
plate contains a sequence of five characters chosen from the four letters in AIME and the 
four digits in 2007 No character may appear in a sequence more times than it appears 
among the four letters in AIME or the four digits in 2007. A set of plates in which each 

possible sequence appears exactly once contains N license plates. Find — 

Of the students attending a school party, ^% of the students are girls, and 40% of the 
students like to dance. After these students are joined by 20 more boy students, all of 
whom like to dance, the party is now 58% girls. How many students now at the party like 
to dance? 



AIME 
1989#2 



AIME 
1992#2 



Ten points are marked on a circle. How many distinct convex polygons of three or more 
sides can be drawn using some (or all) of the ten points as vertices? 

A positive integer is called ascending if, in its decimal representation, there are at least two 
digits and each digit is less than any digit to its right. How many ascending positive 
integers are there? 



1 



Counting 

AiME For each real number let [xj denote the greatest integer that does not exceed x. For how 
many positive integers n is it true that n < 1000 and that [log2nJ is a positive even 
integer. 

AIME The nine horizontal and nine vertical lines on an S x 8 checkeboard form r rectangles, of 
which a are squares. The number s/r can be written in the form m/n, where m and n are 
relatively prime positive integers. Find rn + n. 



AIME Find the number of ordered pairs {x^y) of positive integers that satisfy :r < 2^ < 00 and 
y<2x<m. 



1998#2 



AIME2 Each of the 2001 students at a high school studies either Spanish or French, and some 
study both. The number who study Spanish is between 80 percent and 85 percent of the 
school population, and the number who study French is between 30 percent and 40 
percent. Let m be the smallest number of students who could study both languages, and 
let M be the largest number of students who could study both languages. Find M - m. 

AIME2 Ajar has 10 red candies and 10 blue candies. Terry picks two candies at random, then 
2oo4#2 |v|gpy picks two of the remaining candies at random. Given that the probability that they 

get the same color combination, irrespective of order, is rn/rt where m and n are 

relatively prime positive integers, find m + n. 

AIME2 A hotel packed breakfast for each of three guests. Each breakfast should have consisted of 
2oo5#2 types of rolls, one each of nut, cheese, and fruit rolls. The preparer wrapped each of 

the nine rolls and once wrapped, the rolls were indistinguishable from one another. She 
then randomly put three rolls in a bag for each of the guests. Given that the probability 

each guest got one roll of each type is — , where m and 7i are relatively prime integers, 

n 

find m + n 



AIME 
2006#2 



2007#2 



AIME 
2003#3 



AIME2 
2003#3 



2004#3 



AIME 
1993#4 



AIME 
1998#4 



Let set ^ be a 90-element subset of {1^ 2, 3, ... , 100}, and let S be the sum of the 
elements of ^4 Find the number of possible values of S 



AiME2^ Find the number of ordered triple {a^b^c) where a b and c are positive integers, a is a 
factor of fe, £j is a factor of c, and a + & + c = 100. 



Let the set S = {8, 5, 1, 13, 34, 3,21, 2}. Susan makes a list as follows: for each two- 
element subset of S, she writes on her list the greater of the set's two elements. Find the 
sum of the numbers on the list. 

Define a good u^ord as a sequence of letters that consists only of the letters and C - 
some of these letters may not appear in the sequence - and in which A is never 
immediately followed by B is never immediately followed by C, and C is never 
immediately followed by A How many seven- letter good words are there? 

AIME A convex polyhedron P has 26 vertices, 60 edges, and 36 faces, 24 of which are 
triangular, and 12 of which are quadrilaterals. A space diagonal is a line segment 
connecting two non-adjacent vertices that do not belong to the same face. How many 
space diagonals does P have? 

How many ordered four-tuples of integers (a, 6,c, d) with 0 <a <b < c< d < 500 satisfy 
(i-^d = b^c and b^: - ad = 9Z 

Nine tiles are numbered 1, 2, 3, ... , 9, respectively. Each of three players randomly selects 
and keeps three of the tile, and sums those three values. The probability that all three 
players obtain an odd sum is m/n, where m and n are relatively prime positive integers. 
Find m + n. 

2 



Counting 



AIME2 How nnany positive integers less tlian 10,000 liave at nnost two different digits? 

2004#4 

AIME2 Find tine number of positive integers tliat are divisors of at least one of 10"^*^, 15^, IS 

2005#4 



AIME 
2002#5 



1992#6 



1994#6 



AIME 
1995#6 



2000#6 



11 



AIME2 Given eight distinguishable rings, let n be the number of possible five-ring arrangements 
2ooo#5 ^^^^ fingers (not the thumb) of one hand. The order of rings on each finger is 

significant, but it is not required that each finger have a ring. Find the leftmost three 

nonzero digits of n. 



Let ^1,^2^ Aj^ ■ ■ ■ : ^12 be the vertices of a regular dodecagon. How many distinct squares 
in the plane of the dodecagon have at least two vertices in the set {Ai ^ Ai^ ■ ■ ■ ^ ^12}? 



AIME Robert has 4 indistinguishable gold coins and 4 indistinguishable silver coins. Each coin has 
2oo5#5 engraving of one face on one side, but not on the other. He wants to stack the eight 

coins on a table into a single stack so that no two adjacent coins are face to face. Find the 

number of possible distunguishable arrangements of the 8 coins. 

AIME2 When rolling a certain unfair six-sided die with faces numbered 1, 2, 3, 4, 5, and 6, the 
probability of obtaining face F is greater than 1/6, the probability of obtaining the face 
opposite is less than 1/6, the probability of obtaining any one of the other four faces is 1/6, 
and the sum of the numbers on opposite faces is 7. When two such dice are rolled, the 
probability of obtaining a sum of 7 is 47/288. Given that the probability of obtaining face F 
is m/ri where m and n are relatively prime positive integers, find ra + n. 

AIME2 The graph of the equation 9x + 223y = 2007 is drawn on graph paper with each square 
representing one unit in each direction. How many of the 1 by 1 graph paper squares have 
interiors lying entirely below the graph and entirely in the first quadrant? 

AIME The pages of a book are numbered 1 through n When the page numbers of the book were 
i986#6 g^^g^^ Qf ti^g page numbers was mistakenly added twice, resulting in an incorrect sum 
of 1986. What was the number of the page that was added twice? 



AIME For how many pairs of consecutive integers in {1000, 1001, 1002, . . . , 2000} is no carrying 
required when the two integers are added? 



AIME The graphs of the equations 



y = k, y = Vix + 2k, y = - v^^ + 2k, 

are drawn in the coordinate plane for k = —10, —9, — S, . . . , 9, 10. These 63 lines cut part of 
the plane into equilateral triangles of side 2/\/3. How many such triangles are formed? 

Let n = 2"^^3^^. How many positive integer divisors of are less than n but do not divide 
n? 



AiME^^ For how many ordered pairs {x,y) of integers is it true that 0 < x <y < 10^ and that the 
arithmetic mean of x and y is exactly 2 more than the geometric mean of x and y? 



AIME A fair die is rolled four times. The probability that each of the final three rolls is at least as 
large as the roll preceding it may be expressed in the form m/n, where m and n are 
relatively prime positive integers. Find m + n. 

AIME An integer is called snakelike if its decimal representation fii£i2fi3 - -^k satisfies a, < a^+i if 
2oo4#6 ^ aiXii^ 1 if i is even. How many snakelike integers between 1000 and 9999 

have four distinct digits? 
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AIME2 The cards in a stacl< of 2n cards are numbered consecutively from 1 tlirougli 2n from top to 
2oo5#6 |3Qttom. Tlie top n cards are removed, l<ept in order, and form pile A The remaining cards 
form pile D The cards are then restacked by taking cards alternately from the tops of pile 
B and A respectively. In this process, card number {n + 1) becomes the bottom card of 
the new stack, card number 1 is on top of this card, and so on, until piles A and B are 
exhausted. If, after the restacking process, at least one card from each pile occupies the 
same position that it occupied in the original stack, the stack is named magical. Find the 
number of cards in the magical stack in which card number 131 retains its original position. 

AiME A frog is placed at the origin on a number line, and moves according to the following rule: 
2oo7#6 ^ given move, the frog advanced to either the closest integer point with a greater 
integer coordinate that is a multiple of 3, or to the closest integer point with a greater 
integer coordinate that is a multiple of 13. A move sequence is a sequence of coordinates 
which correspond to valid moves, beginning with 0, and ending with 39. For example, 0, 3, 
6, 13, 15, 26, 39 is a move sequence. How many move sequences are possible for the 
frog? 

AIME2 An integer is called parity- monotonic if its decimal representation tii£i2fi3 - - -^k satisfies 
a.i < n if ai is odd, and a.i > a^+i is ai is even. How many four-digit parity- monotonic 
integers are there? 

AIME Let [r^s] denote the least common multiple of positive integers r and Find the number of 
ordered triples {a^b^c) of positive integers for which [a^b] = 1000, [b^c] = 2000, and 
[c,a] = 2000. 

AIME Three numbers, ai, a2, are drawn randomly and without replacement from the set 
i993#7 2, 3,. 1000}. Three other numbers, 6i 62 are then drawn randomly and without 
replacement from the remaining set of 997 numbers. Let p be the probability that, after a 
suitable rotation, a brick of dimensions a-i x d:^ can be enclosed in a box of 
dimensions 61 x 62 x 63, with the sides of the brick parallel to the sides of the box. If p is 
written as a fraction in lowest terms, what is the sum of the numerator and denominator? 

AIME Two of the squares of a 7 x 7 checkerboard are painted yellow, and the rest are painted 

green. Two color schemes are equivalent if one can be obtained from the other by applying 
a rotation in the plane of the board. How many inequivalent color schemes are possible. 



1996#7 



^^'^1^^ Let n be the number of ordered quadruples {xi^X2-^X!s^X4) of positive odd integers that 

^ n 
satisfy 2^^, = 98. Find — . 



AIME 
1999#7 



There is a set of 1000 switches, each of which has four positions, called A^ B^ and D. 
When the position of any switch changes, it is only from A to from B to from C to 
or from Z> to A I nitially each switch is in position A The switches are labeled with the 
1000 different integers 2^3^5^, where x^y^ and z take on the values 0, 1,. - - ,9. At step i of 
a 1000-step process, the i h switch is advanced one step, and so are all the other switches 
whose labels divide the label on the ith switch. After step 1000 has been completed, how 
many switches will be in position A 

AIME2 Find the number of ordered pairs of positive integers {a^ b) such that a + b = 1000 and 
neither a nor b has a zero digit. 



2006#7 



AIME Let S be the sum of the base 10 logarithms of all the proper divisors of 1000000. What is 



1986#8 



the integer nearest to 5? 
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AiME In a shooting matcli, eiglit clay targets are arranged in two lianging columns of three 
i99o#8 targets each and one column of two targets. A marksman is to break all the targets 
according to the following rules: 

1) The marksman first chooses a column from which a target is to be broken. 

2) The marksman must then break the lowest remaining target in the chosen column. 

If the rules are followed, in how many different orders can the eight targets be broken? 

AIME Let 5 be a set with six elements. In how many different ways can one select two not 
i993#8 necessarily distinct subsets of S so that the union of the two subsets is S The order of 

selection does not matter; for example, the pair of subsets {fS,*^}, {b^c^d^e^ f} represents 

the same selection as the pair {b^ c^d^e^ /}, {a,c}. 

AIME The harmonic mean of two positive numbers is the reciprocal of the arithmetic mean of 
i996#8 ^i^^ii^ reciprocals. For how many ordered pairs of positive integers (x^y) with x <y \s the 
harmonic mean of x and y equal to 6^^. 

AIME How many different 4x4 arrays whose entries are all I's and -I's have the property that 
i997#8 ^1^^ ^1^^ entries in each row is 0 and the sum of the entires in each column is 0? 

Define a regular n- pointed star to be the union of n line segments P1P2, ^2^3,- - - , P^Pi 
such that 

• the points Pi^P2^ . ■ ■ ^ Ptt are coplanar and no three of them are collinear, 

• each of the n line segments intersects at least one of the other line segments at a point 
other than an endpoint, 

• all of the angles at Pi^P2^. ■ ■ ^ Ptt are congruent, 

• all of the n line segments P2P3, - - - , PuPi are congruent, and 

• the path P1P2, P2P3, - - - , PtiPi turns counterclockwise at an angle of less than 180 
degrees at each vertex. 

There are no regular 3-pointed, 4-pointed, or 6-pointed stars. All regular 5-pointed stars 
are similar, but there are two non-similar regular 7-pointed stars. How many non-similar 
regular 1000-pointed stars are there? 

AIME2 There is an unlimited supply of congruent equilateral triangles made of colored paper. Each 
2oo6#8 tpjapgie js a solid color with the same color on both sides of the paper. A large equilateral 
triangle is constructed from four of these paper triangles. Two large triangles are 
considered distinguishable if it is not possible to place one on the other, using translations, 
rotations, and/or reflections, so that their corresponding small triangles are of the same 
color. 



AIME 
2004#8 



Given that there are six different colors of triangles from which to choose, how many 
distinguishable large equilateral triangles may be formed? 

AIME2 A rectangular piece of of paper measures 4 units by 5 units. Several lines are drawn 
2oo7#8 pgpgiigi to the edges of the paper. A rectangle determined by the intersections of some of 
these lines is called basic if 



(i) all four sides of the rectangle are segments of drawn line segments, and 

(ii) no segments of drawn lines lie inside the rectangle. 

Given that the total length of all lines drawn is exactly 2007 units, let N be the maximum 
possible number of basic rectangles determined. Find the remainder when N is divided by 
1000. 
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AiME Two thousand points are given on a circle. Label one of the points 1. From this point, count 
i993#9 2 points in the clockwise direction and label this point 2. From the point labeled 2, count 3 
points in the clockwise direction and label this point 3. (See figure.) Continue this process 
until the labels 1, 2, 3, ... , 1993 are all used. Some of the points on the circle will have more 
than one label and some points will not have a label. What is the smallest integer that 
labels the same point as 1993? 



AIME2 
2002#9 



AIME A solitarire game is played as follows. Six distinct pairs of matched tiles are placed in a 
i994#9 i^^g -|-|^^ player randomly draws tiles one at a time from the bag and retains them, except 
that matching tiles are put aside as soon as they appear in the player's hand. The game 
ends if the player ever holds three tiles, no two of which match; otherwise the drawing 
continues until the bag is empty. The probability that the bag will be emptied is p/q^ where 
p and q are relatively prime positive integers. Find p + q. 

AIME A bored student walks down a hall that contains a row of closed lockers, numbered 1 to 
i996#9 ]^Q24 He opens the locker numbered 1, and then alternates between skipping and opening 
each closed locker thereafter. When he reaches the end of the hall, the student turns 
around and starts back. He opens the first closed locker he encounters, and then alternates 
between skipping and opening each closed locker thereafter. The student continues 
wandering back and forth in this manner until every locker is open. What is the number of 
the last locker he opens? 

AIME2 Each unit square of a 3-by-3 unit-square grid is to be colored either blue or red. For each 

square, either color is equally likely to be used. The probability of obtaining a grid that 

m 

does not have a 2-by-2 red square is — where m and n are relatively prime positive 

n 

integers. Find m + n 

Let S be the set {1^ 2, 3^ . . . ^ 10}. Let n be the number of sets of two non-empty disjoint 
subsets of 5. (Disjoint sets are defined as sets that have no common elements.) Find the 
remainder obtained when n is divided by 1000. 

AIME An integer between 1000 and 9999, inclusive, is called balanced if the sum of its two 
2oo3#9 igftnpiost digits equals the sum of its two rightmost digits. How many balanced integers are 
there? 

AIME Ten identical crates each of dimensions 3 ft x 4 ft x 6 ft. The first crate is placed flat on the 
2oo8#9 fiQQp Each of the remaining nine crates is placed, in turn, flat on top of the previous crate, 

and the orientation of each crate is chosen at random. Let — be the probability that the 

stack of crates is exactly 41 ft tall, where m and n are relatively prime positive integers. 
Find m 

AIME The numbers 1447, 1005, and 1231 have something in common. Each is a four-digit number 
i983#io beginning ^ith 1 that has exactly two identical digits. How many such numbers are there? 



AIME 
1988#10 



A convex polyhedron has for its faces 12 squares, 8 regular hexagons, and 6 regular 
octagons. At each vertex of the polyhedron one square, one hexagon, and one octagon 
meet. How many segments joining vertices of the polyhedron lie in the interior of the 
polyhedron rather than along an edge or a face? 
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AiME Every card in a decl< lias a picture of one sliape - circle, square, or triangle, which is 
i997#io pgjptg^ jp Qf ti^g three colors - red, blue, or green. Furthermore, each color is applied 
in one of three shades - light, medium, or dark. The deck has 27 cards, with every shape- 
color-shade combination represented. A set of three cards from the deck is called 
complementary if all of the following statements are true: 

i. Either each of the three cards has a different shape or all three of the card have the 
same shape. 

ii. Either each of the three cards has a different color or all three of the cards have the 
same color. 

iii. Either each of the three cards has a different shade or all three of the cards have the 
same shade. 

How many different complementary three-card sets are there? 

AIME I n the 6x4 grid shown, 12 of the 24 squares are to be shaded so that there are two 
2oo7#io squares in each row and three shaded squares in each column. Let N be the 

number of shadings with this property. Find the remainder when N is divided by 1000. 

AIME2 Let 5 be a set with six elements. Let P be the set of all subsets of S~ Subsets A and B of 
2oo7#io ^ necessarily distinct, are chosen independently and at random from P the 

probability that B is contained in at least one of Aor S - A is — where m n and r are 

positive integers, n is prime, and m and n are relatively prime. Find m + n +r. (The set 
- ^ is the set of all elements of S which are not in A) 

AIME2 The diagram below shows a 4 x 4 rectangular array of points, each of which is 1 unit away 
2oo8#io ^^^^ nearest neighbors. 



Define a growing path to be a sequence of distinct points of the array with the property 
that the distance between consecutive points of the sequence is strictly increasing. Let m 
be the maximum possible number of points in a growing path, and let r be the number of 
growing paths consisting of exactly m points. Find mr. 

AIME A gardener plants three maple trees, four oaks, and five birch trees in a row. He plants 

1984#11 

them in random order, each arrangement being equally likely. Let — in lowest terms be 
the probability that no two birch trees are next to one another. Find m + n 

AIME A right rectangular prism P (i.e., a rectangular parallelpiped) has sides of integral length 
a^b^c^ with a < 6 < c. A plane parallel to one of the faces of P cuts P into two prisms, one 
of which is similar to P, and both of which have nonzero volume. Given that b = 1995^ for 
how many ordered triples {a^b^c) does such a plane exist? 
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AiME A collection of 8 cubes consists of one cube with edge- length k for each integer 
2oo6#ii k^l < k < 8. A tower is to be built using all 8 cubes according to the rules: 

• Any cube may be the bottom cube in the tower. 

• The cube immediately on top of a cube with edge-length k must have edge-length at 
most k + 2. 

Let T be the number of different towers than can be constructed. What is the remainder 
when T is divided by 1000? 

AIME Consider sequences that consist entirely of j4s and B's and that have the property that 
2oo8#ii g^gpy Qf consecutive As has even length, and every run of consecutive Bs has odd 

length. Examples of such sequences are AA, B, and AABAA, while BBAB is not such a 

sequence. How many such sequences have length 14? 

AIME In a game of Chomp, two players alternately take bites from a 5-by-7 grid of unit squares. 

i992#i2 ^^1^^ ^ 1^1^^^ ^ player chooses one of the remaining squares, then removes ("eats") all 
squares in the quadrant defined by the left edge (extended upward) and the lower edge 
(extended rightward) of the chosen square. For example, the bite determined by the 
shaded square in the diagram would remove the shaded square and the four squares 
marked by x. (The squares with two or more dotted edges have been removed form the 
original board in previous moves.) 




The object of the game is to make one's opponent take the last bite. The diagram shows 
one of the many subsets of the set of 35 unit squares that can occur during the game of 
Chomp. How many different subsets are there in all? Include the full board and empty 
board in your count. 

AIME2 The members of a distinguished committee were choosing a president, and each member 
2oo3#i2 ggyg yQ^Q |-q Qf ^ candldates. For each candidate, the exact percentage of 
votes the candidate got was smaller by at least 1 than the number of votes for that 
candidate. What is the smallest possible number of members of the committee? 

AIME2 There are two distinguishable flagpoles, and there are 19 flags, of which 10 are identical 
2oo8#i2 1^1^^ flags, and 9 are identical green flags. Let be the number of distinguishable 

arrangements using all of the flags in which each flagpole has at least one flag and no two 
green flags on either pole are adjacent. Find the remainder when A'' is divided by 1000 

AIME For {1^ 2, 3, ... ^ n} and each of its non-empty subsets, an alternating sum is defined as 

1983#13 

follows. Arrange the number in the subset in decreasing order and then, beginning with the 
largest, alternately add and subtract succesive numbers. For example, the alternating sum 
for {1, 2, 3, 6, 9} is 9 - 6 + 3 - 2 + 1 = 6 and for {5} it is simply 5. Find the sum of all such 
alternating sums for = 7- 
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AIME 
2006#13 



AIME In a sequence of coin tosses, one can l<eep a record of instances in wliicli a tail is 
i986#i3 jnpinpiediately followed by a head, a head is immediately followed by a head, and etc. We 
denote these by TH, HH, and etc. For example, in the sequence HHTTHHHHTHHTTTT of 15 
coin tosses we observe that there are two HH, three HT, four TH, and five TT 
subsequences. How many different sequences of 15 coin tosses will contain exactly two 
HH, three HT, four TH, and five TT subsequences? 

AIME Forty teams play a tournament in which every team plays every other team exactly once. 
i999#i3 ^i^g occur, and each team has a 50% chance of winning any game it plays. The 

probability that no two teams win the same number of games is m/n^ where m and n are 

relatively prime positive integers. Find log2 

AIME2 A bug starts at a vertex of an equilateral triangle. On each move, it randomly selects one 
2oo3#i3 ^1^^ vertices where it is not currently located, and crawls along a side of the triangle 
to that vertex. Given that the probability that the bug moves to its starting vertex on its 
tenth move is m/n^ where m and n are relatively prime positive integers, find m + n. 

AIME A particle moves in the Cartesian Plane according to the following rules: 

2005#13 

1. From any lattice point {a^ b) the particle may only move to (a + 1,6), 1), or 
(a + 1,6 + 1). 

2. There are no right angle turns in the particle's path. 

How many different paths can the particle take from (0,0) to {5, 5) 

For each even positive integer x let g{x) denote the greatest power of 2 that divides x For 

example, ^{20) = 4 and ^{16) = 16- For each positive integer n let Sn = ^ 5{2fc). Find 

fc=i 

the greatest integer n less than 1000 such that Sn. is a perfect square. 

AIME In a tournament each player played exactly one game against each of the other players. In 
i985#i4 ^^^1^ game the winner was awarded 1 point, the loser got 0 points, and each of the two 
players earned 1/2 point if the game was a tie. After the completion of the tournament, it 
was found that exactly half of the points earned by each player were earned against the 
ten players with the least number of points. (I n particular, each of the ten lowest scoring 
players earned half of her/his points against the other nine of the ten). What was the total 
number of players in the tournament? 

AIME A mail carrier delivers mail to the nineteen houses on the east side of Elm Street. The 
2ooi#i4 (-gppjgp notices that no two adjacent houses ever get mail on the same day, but that there 

are never more than two houses in a row that get no mail on the same day. How many 

different patterns of mail delivery are possible? 

AIME In an office at various times during the day, the boss gives the secretary a letter to type, 
" each time putting the letter on top of the pile in the secretary's in-box. When there is time, 
the secretary takes the top letter off the pile and types it. There are nine letters to be 
typed during the day, and the boss delivers them in the order 1, 2, 3, 4, 5, 6, 7, 8, 9. 

While leaving for lunch, the secretary tells a colleague that letter 8 has already been typed, 
but says nothing else about the morning's typing. The colleague wonder which of the nine 
letters remain to be typed after lunch and in what order they will be typed. Based upon the 
above information, how many such after-lunch typing orders are possible? (That there are 
no letters left to be typed is one of the possibilities.) 
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Counting 



AiME A stack of 2000 cards is labelled with the integers from 1 to 2000, with different integers on 
2ooo#i5 ^jffgpgpj- cards. The cards in the stack are not in numerical order. The top card is removed 
from the stack and placed on the table, and the next card is moved to the bottom of the 
stack. The new top card is removed from the stack and placed on the table, to the right of 
the card already there, and the next card in the stack is moved to the bottom of the stack. 
The process - placing the top card to the right of the cards already on the table and moving 
the next card in the stack to the bottom of the stack - is repeated until all cards are on the 
table. It is found that, reading from left to right, the labels on the cards are now in 
ascending order: 1^ 2,3, . . . , 1999, 2000. n the original stack of cards, how many cards were 
above the card labelled 1999? 



AIME The numbers 1, 2, 3, 4, 5, 6, 7, and 8 are randomly written on the faces of a regular 
2ooi#i5 octahedron so that each face contains a different number. The probability that no two 

consecutive numbers, where 8 and 1 are considered to be consecutive, are written on faces 
that share an edge is m/n, where m and n are relatively prime positive integers. Find 
m + n. 

AIME2 A long thin strip of paper is 1024 units in length, 1 unit in width, and is divided into 1024 
2oo4#i5 ^1^1^ squares. The paper is folded in half repeatedly. For the first fold, the right end of the 
paper is folded over to coincide with and lie on top of the left end. The result is a 512 by 1 
strip of double thickness. Next, the right end of this strip is folded over to coincide with and 
lie on top of the left end, resulting in a 256 by 1 strip of quadruple thickness. This process 
is repeated 8 more times. After the last fold, the strip has become a stack of 1024 unit 
squares. How many of these squares lie below the square that was originally the 942nd 
square counting from the left? 
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Probability 



AIME Probability Problems 

AiME Starting at (0^0), an object moves in tine coordinate plane via a sequence of steps, each of 

1995#3 

length one. Each step is left, right, up, or down, all four equally likely. Let p be the 
probability that the object reaches {2^ 2) in six or fewer steps. Given that p can be written 
in the form m/n^ where m and n are relatively prime positive integers, find m + 

AIME2 A deck of forty cards consists of four I's, four 2's,..., and four lO's. A matching pair (two 
2ooo#3 same number) is removed from the deck. Given that these cards are not 

returned to the deck, let m/n be the probability that two randomly selected cards also 
form a pair, where m and n are relatively prime positive integers. Find m + n. 

AIME When a certain biased coin is flipped five times, the probability of getting heads exactly 

1989#5 ^ 

once is not equal to 0 and is the same as that of getting heads exactly twice. Let -, in 

lowest terms, be the probability that the coin comes up heads in exactly 3 out of 5 flips. 
Find i + j 



AIME 
2000#5 



Each of two boxes contains both black and white marbles, and the total number of marbles 
in the two boxes is 25. One marble is taken out of each box randomly. The probability that 
both marbles are black is 27/50, and the probability that both marbles are white is m/n, 
where m and n are relatively prime positive integers. What is rn + n? 

AIME In a five-team tournament, each team plays one game with every other team. Each team 
i996#6 i^^g ^ chance of winning any game it plays. (There are no ties.) Let rn/n be the 
probability that the tournament will produce neither an undefeated team nor a winless 
team, where m and n are relatively prime positive integers. Find m + n. 

AIME Twenty five of King Arthur's knights are seated at their customary round table. Three of 
i983#7 ^i^gpp, chosen - all choices being equally likely - and are sent of to slay a troublesome 
dragon. Let F be the brobability that at least two of the three had been sitting next to each 
other. If P is written as a fraction in lowest terms, what is the sum of the numerator and 
the denominator? 



AIME 
1990#9 



A fair coin is to be tossed 10 times. Let i/j in lowest terms, be the probability that heads 
never occur on consecutive tosses. Find i + j. 



AIME Two mathematicians take a morning coffee break each day. They arrive at the cafeteria 
i998#9 jpiclepenclently, at random times between 9 a.m. and 10 a.m., and stay for exactly m 

mintues. The probability that either one arrives while the other is in the cafeteria is 40%, 
and m = a - b^/c^ where a^b^ and c are positive integers, and c is not divisible by the 
square of any prime. Find a + 6 + c. 

AIME Twenty seven unit cubes are painted orange on a set of four faces so that two non- painted 
2oo5#9 fg^-gg share an edge. The 27 cubes are randomly arranged to form a 3 x 3 x 3 cube. Given 



and r are distinct primes and a,b, and c are positive integers, find £i + 6 + + p + g + r. 



the probability of the entire surface area of the larger cube is orange is where p q, 



1 



Probability 



AiME Two three-letter strings, aaa and bbb are transmitted electronically. Each string is sent 
i99i#io ig^^gp letter Due to faulty equipment, each of the six letters has a 1/3 chance of being 
received incorrectly, as an a when it should have been a 6, or as a 6 when it should be an 
a. However, whether a given letter is received correctly or incorrectly is independent of the 
reception of any other letter. Let be the three- letter string received when aaa is 
transmitted and let Sb be the three- letter string received when bbb is transmitted. Let p be 
the probability that comes before Sb in alphabetical order. When p is written as a 
fraction in lowest terms, what is its numerator? 

AIME Ten points in the plane are given, with no three collinear. Four distinct segments joining 

1 999#1 0 

pairs of these points are chosen at random, all such segments being equally likely. The 
probability that some three of the segments form a triangle whose vertices are among the 
ten given points is m/n^ where m and n are relatively prime positive integers. Find m + n. 



AIME 
2001 #10 



Let S be the set of points whose coordinates and z are integers that satisfy 0 < 0^ < 2, 

0 < y < 3, and 0 < 2 <4. Two distinct points are randomly chosen from S- The probability 
that the midpoint of the segment they determine also belongs to S is m/n^ where m and n 
are relatively prime positive integers. Find m + n. 

AIME A circle of radius 1 is randomly placed in a 15-by-36 rectangle ABCD so that the circle 
2oo4#io ii^g completely within the rectangle. Given that the probability that the circle will not touch 
diagonal AC is m/n where m and n are relatively prime positive integers. Find m + n. 

AIME2 Seven teams play a soccer tournament in which each team plays every other team exactly 
2oo6#io Qp^e |sjQ ties occur, each team has a 50% chance of winning each game it plays, and the 
outcomes of the games are independent. In each game, the winner is awarded a point and 
the loser gets 0 points. The total points are accumilated to decide the ranks of the teams. 

1 n the first game of the tournament, team A beats team B The probability that team A 
finishes with more points than team B is m/n where m and n are relatively prime positive 
integers. Find m + n 

AIME Alfred and Bonnie play a game in which they take turns tossing a fair coin. The winner of a 
i993#ii ggppjg the first person to obtain a head. Alfred and Bonnie play this game several times 
with the stipulation that the loser of a game goes first in the next game. Suppose that 
Alfred goes first in the first game, and that the probability that he wins the sixth game is 
ra/n, where m and n are relatively prime positive integers. What are the last three digits 
of fn + n 

AIME2 Club Truncator is in a soccer league with six other teams, each of which it plays once. In 

2001 #11 I 

any of its 6 matches, the probabilities that Club Truncator will win, lose, or tie are each - 

The probability that Club Truncator will finish the season with more wins than losses is — 

n 

where m and n are relatively prime positive integers. Find m + n. 
AIME An angle x is chosen at random from the interval 0"^ < :r < 90^ Let p be the probability 

2003#1 1 9 9 

that the numbers siir x, eos" x, and sin^cos are not the lengths of the sides of a 
triangle. Given that p = d/n, where d is the number of degrees in aiotaiim and m and n 
are positive integers with m + n< 1000 find m + n. 



AIME 
1985#12 



Let and D be the vertices of a regular tetrahedron each of whose edges measures 

1 meter. A bug, starting from vertex A, observes the following rule: at each vertex it 

chooses one of the three edges meeting at that vertex, each edge being equally likely to be 

n 

chosen, and crawls along that edge to the vertex at its opposite end. Let p = — - be the 

probability that the bug is at vertex A when it has crawled exactly 7 meters. Find the value 
of n. 

2 



Probability 

AIME2 A basketball player has a constant probability of .4 of making any given shot, independant 
2oo2#i2 previous shots. Let £j„. be the ratio of shots made to shots attempted after n shots. The 
probability that aw = -4 and < .4 for all n such that 1 < n < 9 is given to be 
p^q^r/{s^)^ where r, and a are primes, and fe, and c are positive integers. Find 
(p + g + r + .^){fi + 6 + f!). 

AiME A given sequence ri ,r2, . . . of distinct real numbers can be put in ascending order by 
i987#i3 ppiggpg Qf Q,. more ' ' bubble passes". A bubble pass through a given sequence consists 
of comparing the second term with the first term, and exchanging them if and only if the 
second term is smaller, then comparing the third term with the second term and 
exchanging them if and only if the third term is smaller, and so on in order, through 
comparing the last term, r^, with its current predecessor and exchanging them if and only 
if the last term is smaller. 

The example below shows how the sequence 1, 9, 8, 7 is transformed into the sequence 1, 
8, 7, 9 by one bubble pass. The numbers compared at each step are underlined. 

1 9 S 7 
1 9__8 7 

1 s s_j: 

18 7 9 



Suppose that n =40 and that the terms of the initial sequence ri^r2, . . . ,r4o are distinct 
from one another and are in random order. Let p/q in lowest terms, be the probability that 
the number that begins as r2o will end up, after one bubble pass, in the 30*^*^ place. Find 
P + q- 

AIME A drawer contains a mixture of red socks and blue socks, at most 1991 in all. It so happens 
i99i#i3 ^1^^^^ when two socks are selected randomly without replacement, there is a probability of 

exactly 1/2 that both are red or both are blue. What is the largest possible number of red 

socks in the drawer that is consistent with this data? 

AIME Let p be the probability that, in the process of repeatedly flipping a fair coin, one will 

1 995#1 5 

encounter a run of 5 heads before one encounters a run of 2 tails. Given that p can be 
written in the form rn/ri where m and n are relatively prime positive integers, 4- n 
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AIME Geometry Problems 



AIME2 
2004#1 



AIME 
2005#1 



AIME 
2006#1 



AIME2 
2006#1 



A chord of a circle is perpendicular to a radius at the midpoint of the radius. The ratio of 
the area of the larger of the two regions into which the chord divides the circle to the 

smaller can be expressed in the form where a, b, c, d, e, and / are positive 

integers, a and are relatively prime, and neither nor / is divisible by the square of any 
prime. Find the remainder when the product ab^^def is divided by 1000. 

Six circles form a ring with with each circle externally tangent to two circles adjacent to it. 
All circles are internally tangent to a circle C with radius 30- Let K be the area of the 
region inside circle C and outside of the six circles in the ring. Find [Kj. 

I n quadrilateral ABCD^ ZB is a right angle, diagonal AC is perpendicular to CD^ 
AB = 18, BC = 21, and CD = 14. Find the perimeter of ABCD. 

I n convex hexagon ABCDEF all six sides are congruent, ZA and ZD are right angles, 
and ZBj^ZC, ZE, ZE, and ZF are congruent. The area of the hexagonal region is 
2116(^2+1). Find AB 



AIME 
1994#2 



AIME 
2002#2 



A circle with diameter PQ of length 10 is internally tangent at P to a circle of radius 20. 
Square ABCD is constructed with A and B on the larger circle, C D ta ngent at Q to the 
smaller circle, and the smaller circle outside ABCD The length of AB can be written in 
the form m + ^/n where m and n are integers. Find m + n. 

The diagram shows twenty congruent circles arranged in three rows and enclosed in a 
rectangle. The circles are tangent to one another and to the sides of the rectangle as 
shown in the diagram. The ratio of the longer dimension of the rectangle to the shorter 

dimension can be written as-{^-q), where p and q are positive integers. Find p + q. 




AIME 
2008#2 



Square AIME has sides of length 10 units. Isosceles triangle GEM has base EM and 
the area common to triangle GEM and square AIME is SO square units. Find the length 
of the altitude to EM in AGEM. 
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Geometry 



AiME A point P is chosen in the interior of AABC such that when lines are drawn through P 
i984#3 parallel to the sides of Aj4BC the resulting smaller triangles ii t2 and i3 in the figure, 
have areas 4 9 and 49 respectively. Find the area of AABC- 




AIME2 Square ABCD has side length 13 and points E and F are exterior to the square such that 
2oo7#3 = DP = b and AE = CF= 12 Find EF^. 

AIME A machine shop cutting tool is in the shape of a notched circle, as shown. The radius of the 
^^^^^"^ circle is v^50cm the length of AB is &cin, and that of BC is 2cin. The angle ABC is a right 
angle. Find the square of the distance (in centimeters) from B to the center of the circle. 




AIME 
1985#4 



A small square is constructed inside a square of area 1 by dividing each side of the unit 
square into n equal parts, and then connecting the vertices to the division points closest to 
the opposite vertices. Find the value of n if the the area of the small square is exactly 

1985 




AIME Circles of radius 3 and 6 are externally tangent to each other and are internally tangent to 
i995#4 ^ circle of radius 9. The circle of radius 9 has a chord that is a common external tangent of 
the other two circles. Find the square of the length of this chord. 



AIME 
1997#4 



Circles of radii 5, 5, 8, and m/n are mutually externally tangent, where m and n are 
relatively prime positive integers. Find m + n. 
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Geometry 



AIME 
1999#4 



The two squares shown share the same center O and have sides of length 1. The length of 
AB is 43/99 and the area of octagon ABCDEFGH is m/n^ where m and n are relatively 
prime positive integers. Find m + n. 




AIME 
2000#4 



The diagram shows a rectangle that has been dissected into nine non-overlapping squares. 
Given that the width and the height of the rectangle are relatively prime positive integers, 
find the perimeter of the rectangle. 



AIME 
2001 #4 



AIME2 
2002#4 



[img]6600[/img] 

In triangle ABC, angles A an d B measure 60 degrees and 45 degrees, respectively. The 
bisector of angle A intersects BC at T and AT = 24 The area of triangle ABC can be 
written in the form a + b\/c^ where a b and c are positive integers, and c is not divisible 
by the square of any prime. Find a + 6 + c. 

Patio blocks that are hexagons 1 unit on a side are used to outline a garden by placing the 
blocks edge to edge with n on each side. The diagram indicates the path of blocks around 
the garden when n = 5- 




Geometry 



AIME 
2004#4 



AIME2 
2008#5 



AIME 
1984#6 



AIME 
1985#6 



If n = 202, then the area of the garden enclosed by the path, not including the path itself, 
is m{\/3/2) square units, where rn is a positive integer. Find the remainder when m is 
divided by 1000- 

A square has sides of length 2. Set S is the set of all line segments that have length 2 and 
whose endpoints are on adjacent sides of the square. The midpoints of the line segments 
in set S enclose a region whose area to the nearest hundredth is k Find lOOfc. 



In trapezoid ABCD with BC \\ AD, let BC = 1000 and AD = 2008. Let ZA = 37°, 
ZD = 53°, and m and n be the midpoints of BC and AD respectively. Find the length 
MN. 

Three circles, each of radius 3, are drawn with centers at {14, 92), {IT^. 76), and {19, S4). A 
line passing through {17:. 76) is such that the total area of the parts of the three circles to 
one side of the line is equal to the total area of the parts of the three circles to the other 
side of it. What is the absolute value of the slope of this line? 

As shown in the figure, triangle ABC is divided into six smaller triangles by lines drawn 
from the vertices through a common interior point. The areas of four of these triangles are 
as indicated. Find the area of triangle ABC- 



^^^^^^^^^^ 


\ 

\ 
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AIME 
1987#6 



Rectangle ABCD is divided into four parts of equal area by five segments as shown in the 
figure, where XY = YB + BC + CZ = ZW = WD + DA + AX, and PQ is parallel to 
AB. Find the length of AB (in cm) if BC = 19 cm and PQ = 87 cm. 



AIME 
1997#6 




Point B is in the exterior of the regular n-sided polygon ^1^2 ■ ■ ■ Ai: and Aj42B is an 
equilateral triangle. What is the largest value of n for which and B are consecutive 

vertices of a regular polygon? 



AIME Let ABC D be a parallelogram. Extend DA through ^4 to a point P, and let PC meet AB 
at Q and DB at R. Given that PQ = 735 and QR = 112, find RC ' 



AIME2 
2000#6 



One base of a trapezoid is 100 units longer than the other base. The segment that joins 
the midpoints of the legs divides the trapezoid into two regions whose areas are in the 
ratio 2 : 3. Let x be the length of the segment joining the legs of the trapezoid that is 
parallel to the bases and that divides the trapezoid into two regions of equal area. Find the 
greatest integer that does not exceed x^/lQO. 
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Geometry 



AIME2 Square ABCD is inscribed in a circle. Square EFGH has vertices E and F on CD and 
2ooi#6 Q Qp the circle. The ratio of the area of square EFGH to the area of 

square ABCD can be expressed as — where m and n are relatively prime positive 
integers and m < n. Find lOn + m 



AIME2 
2003#6 



AIME2 
2006#6 



AIME 



AIME 
2001 #7 



I n triangle ABC^ AB = 13, BC = 14, AC = 15, and point G is the intersection of the 
medians. Points A\ B\ and C^ are the images of A^ B, and C, respectively, after a 180^ 
rotation about G- What is the area if the union of the two regions enclosed by the triangles 
ABC and A'B'C'l 



Square ABCD has sides of length 1. Points E and F are on BC and CD, respectively, so 
that AAEF is equilateral. A square with vertex B has sides that are parallel to those of 

ABCD and a vertex on AE The length of a side of this smaller square is - — ^ where 

c 

a, b, and c are positive integers and b is not divisible by the square of any prime. Find 
a + 6 + c. 

2 

i997#7 A car travels due east at - mile per minute on a long, straight road. At the same time, a 

3 1 
circular storm, whose radius is 51 miles, moves southeast at -^2 mile per minute. At time 

i = 0, the center of the storm is 110 miles due north of the car. At time t = t[ minutes, the 
car enters the storm circle, and at time t = t2 minutes, the car leaves the storm circle. Find 



Triangle ABC has AB = 21, AC = 22 and BC = 20. Points D and E are located on AB 
and ACy respectively, such that DE is parallel to BC and contains the center of the 
inscribed circle of triangle ABC- Then DE = m/n, where m and n are relatively prime 
positive integers. Find m + n. 

AIME2 Let APQR be a right trian^ with PQ = 90, PR = 120, and QR = 150- Let Ci be the 

inscribed circle. Construct ST with S on PR and T on Q R such that ST is per pend icular 
to PR and tangent to Ci- Construct 171^ with 17 on PQ and V on QR such that UV is 
perpendicular to PQ and tangent to Ci- Let C2 be the inscribed circle of ARST and C3 the 
inscribed circle of AQUV The distance between the centers of C2 and C^ can be written 
as VWn. What is n? 



AIME Point B is on AC with AB = 9 and BC = 21 Point D is not on AC so that AD = CD 
and AD and BD are integers. Let s be the sum of all possible perimeters of AACD. Find 
s. 

AIME2 Find the area of rhombus ABCD given that the radii of the circles circumscribed around 
triangles ABD and ACD are 12.5 and 25 respectively. 



AIME2 ABCD is a rectangular sheet of paper that has been folded so that corner B is matched 
^^^"^^^ with point B^ on edge AD The crease is EF where E is on AB and Fs on CD. The 

dimensions AE = 8, BE = 17, and CF = 3 are given. The perimeter of rectangle ABCD 
is m/n where m and n are relatively prime positive integers. Find m + n. 

AIME I n quadrilateral ABCD, BC = 8, CD = 12, AD = 10, and mZA = mZB = m"". Given 
2oo5#7 ^1^^^ = p + y/^ where p and q are positive integers, find p + 

AIME An angle is drawn on a set of equally spaced parallel lines as shown. The ratio of the area 
2oo6#7 shaded region C to the area of shaded region B is 11/5. Find the ratio of shaded region 
V to the area of shaded region A. 



Geometry 



AIME2 
2000#8 



AIME2 
2005#8 



AIME 
2006#8 



In trapezoid ABCD^ leg BC is perpendicular to bases AB and C D^ and diagonals AC nd 
BD are perpendicular. Given that AB = VVL and AD = \/l001, find BC^. 

Circles Ci and C2 are externally tangent, and they are both internally tangent to circle C3 
The radii of Gi and C2 are 4 and 10, respectively, and the centers of the three circles are all 
collinear. A chord of is also a common external tangent of Ci and €2- Given that the 

mJn 

length of the chord is — - — where rn.Ti^ and p are positive integers, m and p are relatively 

P 

prime, and n is not divisible by the square of any prime, find m + n +p. 

Hexagon ABCDEF is divided into four rhombuses, Q^'R, 5, and_T, as shown. 
Rhombuses Q^H, and S are congruent, and each has area \/2006 Let K be the area of 
rhombus T. Given that A'' is a positive integer, find the number of possible values for K 



s 



Image 



AIME 
1986#9 



AIME 
1987#9 



In AABC AB = 425 BC = 450, and AC = 510 An interior point P is then drawn, and 
segments are drawn through P parallel to the sides of the triangle. If these three 
segments are of an equal length d, find d 

Triangle ABC has right angle at B and contains a point P for which PA = 10, PB = -6, 
and ZAPB = ZBPC = ZCPA. Find PC 




AIME 
1992#9 



AIME 
1995#9 



Trapezoid ABCD has sides AB = 92 BC = 50 CD = 19 and AD = 70 with AB parallel 
to CD A circle with center P on AB is drawn tangent to BC and AD. Given that 



AP = 



n 



where m and n are relatively prime positive integers, find m + n. 



Triangle ABC is isosceles, with AB = AC and altitude AM = 11, Suppose that there is a 
point D on AM with AD = 10 and ZBDC = ^ZBAC- Then the perimeter of AABC may 
be written in the form a + where a and b are integers. Find a + 6. 
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AIME 
2001 #9 



AIME 
2004#9 



AIME2 
2006#9 



I n triangle ABC, AB = 13, BC = 15 and CA = 17. Point D is on AB, E is on BC, and F 
is on CA. Let AD = p ■ ^B, BE = ^ ■ BC, and CF = r ■ CA^ where and r are positive 
and satisfy p + q + r = 2/3 and + + = 2/5. The ratio of the area of triangle DEF 
to the area of triangle ABC can be written in the form m/n, where m and n are relatively 
prime positive integers. Find m + n. 

Let ABC be a triangle with sides 3, 4, and 5, and DEFG be a 6-by-7 rectangle. A 
segment is drawn to divide triangle ABC into a triangle Ui and a trapezoid Vi and another 
segment is drawn to divide rectangle DEFG into a triangle U2 and a trapezoid V2 such that 
Ui is similar to U2 and Vi is similar to V2 The minimum value of the area of Ui can be 
written in the form m/ri where m and n are relatively prime positive integers. Find m + n. 

Circles Ci, €2, and C3 have their centers at (0,0), (12,0), and (24,0), and have radii 1, 2, 
and 4, respectively. Line ii is a common internal tangent to Ci and C2 and has a positive 
slope, and line ^2 is a common internal tangent to C2 and and has a negative slope. 
Given that lines t[ and t2 intersect at {x^y\ and that x = p - q^/r where p, q, and r are 
positive integers and r is not divisible by the square of any prime, find p + q + r 



AIME 
2007#9 



In right triangle ABC with right angle C, CA = m and CB = 16 Its legs CA and CB re 
extended beyond A and B. Points Oi and O2 lie in the exterior of the triangle and are the 
centers of two circles with equal radii. The circle with center Oi is tangent to the 
hypotenuse and to the extension of leg CA, the circle with center O2 is tangent to the 
hypotenuse and to the extension of leg CB, and the circles are externally tangent to each 
other. The length of the radius of either circle can be expressed as p/q, where p and q are 
relatively prime positive integers. Find p + q. 

AIME2 Rectangle ABCD is given with AB = 63 and BC = 448. Points E and F lie on AD and 
2oo7#9 respectively, such that AE = CF = 84. The inscribed circle of triangle BEF is 

tangent to EF at point P, and the inscribed circle of triangle DEF is tangent to EF at 

point Q. Find PQ. 



AIME2 A circle is inscribed in quadrilateral ABCD^ tangent to AB at P and to CD at Q. Given 
2ooo#io ^^^^ ^ ^ CQ = 37, and QD = 23, find the square of the radius of the circle. 



AIME In the diagram below, angle ABC is_a_right angle. Point D is on BC, and AD bisects 
angle CAB. Points E and F are on AB and AC respectively, so that ^F = 3 and 
AF = 10- Given that FB = 9 and FC = 27, find the integer closest to the area of 
quadrilateral DCFG- 



A 
3 
E 

9 
B 



















1 








D 



AIME Triangle ABC is isosceles with AC = BC and /.ACB — 106^ Point M is in the interior of 
2oo3#io triangle so that ZMAC = 7° and ZMCA = 33° Find the number of degrees in 
ZCMB. 



7 



Geometry 



AiME Eight circles of diameter 1 are pacl<ed in the first quadrant of the coordinte plane as shown. 

2oo6#io 1^^^ region be the union of the eight circular regions. Line with slope 3, divides % into 
two regions of equal area. Line I's equation can be expressed in the form ax = by + 
where a^b^ and c are positive integers whose greatest common divisor is 1. Find 

[x] Image 



AIME Let ABCD be an isosceles trapezoid with AD 11 BC whose angle at the longer base AD is 

2008#10 ^ , ^ J— 

— . The diagonals have length 10v21, and point E is at distances 10v7 and 30v7 from 



AIME 
1991#11 



vertices A and D, respectively. Let F be the foot of the altitude from C to AD. The 
distance EF can be expressed in the form my/n, where m and n are positive integers and 
n is not divisible by the square of any prime. Find rn + n. 

Twelve congruent disks are placed on a circle C of radius 1 in such a way that the twelve 
disks cover C, no two of the disks overlap, and so that each of the twelve disks is tangent 
to its two neighbors. The resulting arrangement of disks is shown in the figure below. The 
sum of the areas of the twelve disks can be written in the from 7r{a - b\/c) where a^b^ c 
are positive integers and c is not divisible by the square of any prime. Find + 6 + 




AIME2 Triangle ABC is a right triangle with AC = 7^ BC = 24^ and right angle at C. Point M is 
2oo3#ii ^1^^ midpoint of AB^ and D is on the same side of line AB as C so that AD = BD = 15. 

Given that the area of triangle CDM may be expressed as — where n, and p are 

P 

positive integers, m and p are relatively prime, and n is not divisible by the square of any 
prime, find m + n+ p. 

AIME A semicircle with diameter d is contained in a square whose sides have length 8. Given the 
maximum value of d\sm- \/n find m + n. 



AIME2 
2008#1 1 



I n triangle ABC, AB = AC = 100, and BC = 56. Circle P has radius 16 and is tangent to 
AC and BC. Circle Q is externally tangent to P and is tangent to AB and BC. No point 
of circle Q lies outside of AABC. The radius of circle Q can be expressed in the form 
m — n where m, n, and k are positive integers and k is the product of distinct primes. 
Find m + nk. 



8 



Geometry 



AiME In a given circle, the length of diameter AD i s a tw o digit integer. Reversing the digits of 
i983#i2 gives the length of a perpendicular chord CD The distance from their intersection 

point H to the center of the circle is a positive rational number. Determine the length of 

AB. 

AIME Let P be an interior point of triangle ABC and extend lines from the vertices through P to 
i988#i2 ^1^^ opposite sides. Let ti 6 and d denote the lengths of the segments indicated in the 
figure. Find the product abc if a + 6 + -f^ = 43 and d = 3 



C 




AIME Let ABCD be a tetrahedron with AB = 41 AC = 7 AD = U BC = 36 BD = 27 and 
i989#i2 _ shown in the figure. Let d be the distance between the midpoints of edges 

AB and CD. Find 




AIME A regular 12-gon is inscribed in a circle of radius 12. The sum of the lengths of all sides 

e written in the form 

a + bV2 + cy/i + d\/Q, 



i99o#i2 diagonals of the 12-gon can be written in the form 



where a, b, c, and d are positive integers. Find a + 6 + c + 

AIME Rhombus PQRS is ins cribed in rectan gle ABCD so that vertices P Q R and S are 
interior points on sides AB BC CD and DA respectively. It is given that PB = 15 
BQ = 20, PR = 30, and QS = 40. Let m/n, in lowest terms, denote the perimeter of 
ABCD. Find m + n 



9 



Geometry 



AiME Let ABC be equilateral, and E, and F be th e midpoin ts of BC ^ CA^ and AB^ 
i998#i2 respecj-jyeiy There e xist p oints a nd R on DE , EF ^ and FD, respectively, with the 
property that P is on CQ^ Q is on AR^ and H is on BP. The ratio of the area of triangle 
ABC to the area of triangle PQR is a + 6\/c, where and are integers, and is not 
divisible by the square of any prime. What is + +c^7 

A 




AIME 
1999#12 



The inscribed circle of triangle ABC is tangent to AB at P, and its radius is 21. Given that 
AP = 23 and PB = 27, find the perimeter of the triangle. 



AIME2 Let ABCD be an isosceles trapezoid, whose dimensions are AB = G BC = 5 = DA and 
2oo4#i2 jr-r£j _ ^ Qraw clrcles of radius 3 centered at A and B, and circles of radius 2 centered at 
C and D A circle contained within the trapezoid is tangent to all four of these circles. Its 

-k + m Jn 

radius is , where k m n and p are positive integers, n is not divisible by the 

V 

square of any prime, and k and p are relatively prime. Find k + m + n + p 



AIME2 
2005#12 



2007#12 



Square ABCD has center O AB = ^ E and F are on AB with AE < BF and E 
between A and F, rnZEOF = 45^ and EF = 400 Given that BF = p + ^\/r, wherer p^q^ 
and r are positive integers and r is not divisible by the square of any prime, find p + q + r 

AIME ^ In isosceles triangle ABC, A is located at the origin and B is located at {20,0). Point C is 
in the first quadrant with AC = BC and ZBAC = 75''. If A^BC is rotated 
counterclockwise about point A until the image of C lies on the positive y-axis, the area of 
the region common to the original and the rotated triangle is in the form 
pV2 + qs/^ + r\^+ .^\Nhere p q r are integers. Find (p — g + r — ^)/2. 

AIME J enny and Kenny are walking in the same direction, Kenny at 3 feet per second and J enny 
at 1 foot per second, on parallel paths that are 200 feet apart. A tall circular building 100 
feet in diameter is centered midway between the paths. At the instant when the building 
first blocks the line of sight between Jenny and Kenny, they are 200 feet apart. Let t be the 
amount of time, in seconds, before J enny and Kenny can see each other again. If i is 
written as a fraction in lowest terms, what is the sum of the numerator and denominator? 



1993#13 



AIME 
1996#13 



I n triangle ^BC.^B = VdO.AC = Vq, and BC = ^15. There is a point D for which AD 
bisects BC and ZADB is a right angle. The ratio 

Aic^jAADB) 
Afoa(A^BC) 

can be written in the form m/n^ where m and n are relatively prime positive integers. Find 
m H- n. 

10 



Geometry 



AIME2 Equilateral AABC is inscri bed in a circle of radius 2. Extend AB through Bto point D so 
2oo6#i2 ^^^^ = 13 and extend AC through C to point E so that AE = 11. Through Z> draw a 
line h parallel to AE, and through E draw a line t2 parallel to AD. Let F be the 
intersection of h and t2. Let G be the point on the circle that is collinear with A and F and 

distinct fronn A Given that the area of ACBG can be expressed in the form — ^ where 

r 

p, q, and r are positive integers, p and r are relatively prime, and q is not divisible by the 
square of any prime, find p + q + r. 




AiME in a certain circle, the chord of a degree arc is 22 centimeters long, and the chord of a 
2ooi#i3 2rf-degree arc is 20 centimeters longer than the chord of a M-degree arc, where d < 120. 

The length of the chord of a 3d-degree arc is -m + centimeters, where rn and n are 

positive integers. Find m + n. 

AIME2 I n quadrilateral ABCD, ZBAD ^ ZADC and ZABD ^ ZBCD AB = % BD = 10 and 

2001 #13 T71 

BC = 6- The length CD may be written in the form — where rn and n are relatively 
prime positive integers. Find m + n. 



AIME In triangle ABC t he m edians AD and CE have lengths 18 and 27, respectively, and 



2002#13 



AB = 24. Extend CE to intersect the circumcircle of ABC at F The area of traingle AFB 
is m\/n where m and n are positive integers and n is not divisible by the square of any 
prime. Find m + n. 



AIME2 
2002#13 



I n triangle ABC^ point D is on BC with CD = 2 and DB = 5, point E is on AC with 

CE = 1 and EA = 32, >IB = 8, and AD and BE intersect at P. Points Q and R lie on AO 
so that PQ is parallel to CA and PH is parallel to CB. It is given that the ratio of the area 
of triangle PQR to the area of triangle ABC is m/n^ where m and n are relatively prime 
positive integers. Find m + n. 

AIME2 Let ABCDE be a convex pentagon with AB \\ CE, BC \\ AD, AC \\ DE, ZABC = 120° 



2004#13 



AB = 3, BC = 5, and DE = 15. Given that the ratio between the area of triangle ABC 
and the area of triangle EBD is m/n, where m and n are relatively prime positive 
integers, find m + n. 

11 



Geometry 



AiME In the adjoining figure, two circles with radii G and 8 are drawn with their centers 12 units 
apar t. At P, one of the points of intersection, a line is drawn in s uch a way that the chords 
QP and PR have equal length. Find the square of the length of QP 




AIME A hexagon is inscribed in a circle. Five of the sides have length 81 and the sixth, denoted 
i99i#i4 1^^^ length 31. Find the sum of the lengths of the three diagonals that can be 

drawn from A 

AIME In triangle ABC, j4', B^, and C' are on the sides EC, AC, and AB, respectively. Given 

. ./ ^ AO BO CO 

that AA , BB , and CO are concurrent at the point O, and that -r-r- + -77— + -r-^rr = 92, 

OA^ OB^ OC 

AO BO CO 

OA' " OB' ' oa 

AIME A rectangle that is inscribed in a larger rectangle (with one vertex on each side) is called 
i993#i4 yp5tuck if it is possible to rotate (however slightly) the smaller rectangle about its center 
within the confines of the larger. Of all the rectangles that can be inscribed unstuck in a 6 
by 8 rectangle, the smallest perimeter has the form \/]V, for a positive integer Find N 



AIME A beam of light strikes BC at point C with angle of incidence f:t = 19.94^ and reflects with 
i994#i4 equal a ngle of reflection as shown. The light beam continues its path, reflecting off line 
segments AB and BC according to the rule: angle of incidence equals angle of reflection. 
Given that 0 = ft/10 = 1.994° and AB = AC^ determine the number of times the light 
beam will bounce off the two line segments. Include the first reflection at C in your count. 




AIME In a circle of radius 42, two chords of length 78 intersect at a point whose distance from 
i995#i4 ^1^^ center is 18. The two chords divide the interior of the circle into four regions. Two of 
these regions are bordered by segments of unequal lenghts, and the area of either of them 
can be expressed uniquley in the form m-jr - n where m,n, and d are positive integers 
and d is not divisible by the square of any prime number. Find m + n + d. 

AIME Point P is located inside traingle ABC so that angles PAB^PBC^ and PC A are all 
i999#i4 (-Qpgpuepf- sides of the triangle have lengths AB = 13^ BC = 14^ and CA = 15, and 

the tangent of angle PAB is m/n, where m and n are relatively prime positive integers. 

Find ra + n. 
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Geometry 



AiME I n triangle ADC, it is given that angles D and C are congruent. Points P and Q lie on AC 
2ooo#i4 ^j^^ respectively, so that AP = = = BC- Angle j4CB is r times as large as 

angle APQ, where r is a positive real number. Find the greatest integer that does not 

exceed lOOOr. 

AIME2 The perimeter of triangle APM is 152, and the angle FAM is a righ t an gle. A circle of 
2oo2#i4 center O on AP is drawn so that it is tangent to AM and PM. Given that 

OP = m/n, where m and n are relatively prime positive integers, find m + n. 



AIME2 In triangle ABC, AB = 13, BC = 15, and CA = 14. Point D is on BC with CD = 6. Point 

2005#14 -p 

E is on BC such that ZBAE ^ ZC^D. Given that BE = - where p and q are relatively 



prime positive integers, find q. 



AIME Let AB be a diameter of circle u). Extend AB through A to C Point T lies on uj so that line 
2oo8#i4 1^ tangent to tj. Point P is the foot of the perpendicular from A to line CT. Suppose 
AB = 18, and let m denote the maximum possible length of segment BP. Find 



AIME Squares Si and 52 are inscribed in right triangle ABC, as shown in the figures below. Find 
i987#i5 ^ fjj^ If area{5i) = 441 and area{52) = 440. 



AIME 
1989#15 





Point P is inside AABC Line segments APD. BPE. and CPF are drawn with D on DC 
E on AC, and F on AB (see the figure at right). Given that = G IJP = 9 PD = 6 

P£ = 3, and CF = 20, find the area of AABC. 




AIME Let CH be an altitude of AABC- Let R and S be the points where the circles inscribed in 
the triangles ACH and BCH are tangent to CH If AB = 1995, AC = 1994, and 
BC = 1993, then H5 can be expressed as m/n, where m and n are relatively prime 
integers. Find m + n 
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AIME 
1994#15 



Given a point P on a triangular piece of paper ABC, consider the creases that are formed 
in the paper when A, and C are folded onto P. Let us call P a fold point of AABC if 
these creases, which number three unless P is one of the vertices, do not intersect. 
Suppose tht AB = ZG.AC = 72, and ZB = 90^ Then the area of the set of all fold points 
of AABC can be written in the form q-jr - r\/s^ where g,r, and are positive integers and 
$ is not divisible by the square of any prime. What is ^ + r + ^ 



AIME In parallelogram ABCD^ let O be the intersection of diagonals AC and BD. Angles CAB 
i996#i5 OBC are each twice as large as angle DBA^ and angle ACB is r times as large as 
angle AOB. Find the greatest integer that does not exceed lOOOr. 

AIME The sides of rectangle ABCD have lengths 10 and 11. An equilateral triangle is drawn so 
i997#i5 ^1^^^ point of the triangle lies outside ABCD. The maximum possible area of such a 

triangle can be written in the form - r, where p^q^ and r are positive integers, and q 

is not divisible by the square of any prime number. Find p + q + r. 



AIME I n AABC, AB = Z&l BC = 507. and CA = 780. Let M be the midpoint of CA _and let 
2oo3#i5 jy be the point on CA such that BD bise cts an gle ABC. Let F be the point on BC such 
that DF _L BD Suppose that DF meets BM at E. The ratio DE : EF can be written in 
the form m/n where m and n are relatively prime positive integers. Find m + n. 



AIME 
2005#15 



AIME 



Triangle ABC has BC = 20. The incircle of the triangle evenly trisects the median AD If 

the area of the triangle is m\/n. where m and n are integers and n is not divisible by the 
square of a prime, find m + n. 

Let ABC be an equilateral triangle, and let D and F be points on sides BC and AB, 
respectively, with FA = ^ and CD = 2. Point E lies on side CA such that ZDEF = &f 
The area of triangle DEF is 14\/3. The two possible values of the length of side AB are 
p ± q\/T, where p and q are rational, and r is an integer not divisible by the square of a 
prime. Find r. 

AIME2 Four circles u)^ u)a^ ^b, and u)a with the same radius are drawn in the interior of triangle 

ABC such that u)a is tangent to sides AB and AC, u^b to BC and BA u)c to CA and CB, 

and u) is externally tangent to u)a-^ ^b- and la^c If the sides of triangle ABC are 13, 14, and 

m 

15, the radius of u) can be represented in the form — where m and 7i are relatively prime 

n 

positive integers. Find m + 



2007#15 
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Solid Geometry 



AIME Solid Geometry Problems 



AiME When a right triangle is rotated about one leg, the volume of the cone produced is 

1 985^^2 1 

SOOvTCin . When the triangle is rotation about the other leg, the volume of the cone 
produced is 1920v70iiv'^. What is the length (in cm) of the hypotenuse of the triangle? 



AIME2 
2002#2 



AIME 
2008#5 



AIME 
1992#7 



AIME 
1999#8 



Three vertices of a cube are P = (7, 12, 10), Q = {8, 8, 1), and R = {11, 3, 9). What is the 
surface area of the cube? 



AIME2 A solid rectangular block is formed by gluing together N congruent 1-cm cubes face to 
2oo4#3 f^^Q When the block is viewed so that three of its faces are visible, exactly 231 of the 1- 
cm cubes cannot be seen. Find the smallest possible value of N. 

AIME2 In a regular tetrahedron the centers of the four faces are the vertices of a smaller 
2oo3#4 tetrahedron. The ratio of the volume of the smaller tetrahedron to that of the larger is 
m/n, where m and n are relatively prime positive integers. Find m + n. 

AIME Consider the set of points that are inside or within one unit of a rectangular parallelepiped 
2oo3#5 (|3Qx) that measures 3 by 4 by 5 units. Given that the volume of this set is {m +n7r)/p 
where m n and p are positive integers, and n and p are relatively prime, find m + n +p 

AIME2 A cylindrical log has diameter 12 inches. A wedge is cut from the log by making two planar 
2oo3#5 ^^^^ ^^^^ entirely through the log. The first is perpendicular to the axis of the cylinder, 
and the plane of the second cut forms a 45^ angle with the plane of the first cut. The 
intersection of these two planes has exactly one point in common with the log. The number 
of cubic inches in the wedge can be expressed as nvr, where n is a positive integer. Find n. 



A right circular cone has base radius r and height k The cone lies on its side on a flat 
table. As the cone rolls on the surface of the table without slipping, the point where the 
cone's base meets the table traces a circular arc centered at the point where the vertex 
touches the table. The cone first returns to its original position on the table after making 17 
complete rotations. The value of ft./r can be written in the form rn^/n where m and 7i are 
positive integers and n is not divisible by the square of any prime. Find m + n 

AIME The sum of the areas of all triangles whose vertices are also vertices of a 1 x 1 x 1 cube is 
2oo3#6 .^^ _^ i/n + y^, where m, n, and p are integers. Find m + +p. 



Faces ABC and BCD of tetrahedron ABCD meet at an angle of 30*^ The area of face 
ABC is 120, the area of face BCD is 80 and BC = 10. Find the volume of the 
tetrahedron. 

Let T be the set of ordered triples {x^y^z) of nonnegative real numbers that lie in the 
plane x + y + = 1. Let us say that (x^ y^ i^) supports {fi, b^c) when exactly two of the 
following are true: x > a^y >b^z >c. Let S consist of those triples in T that support 
/I 1 1\ ^ ^ . 

I - I . The area of o divided by the area of T is m/n, where m and n are relatively 
y2 3 D / 

prime positive integers, find m + n. 

AIME A container in the shape of a right circular cone is 12 inches tall and its base has a 5-inch 
2ooo#8 pg^jyg liquid that is sealed inside is 9 inches deep when the cone is held with its point 
down and its base horizontal. When the liquid is held with its point up and its base 
horizontal, the liquid \s rn - n where n, and p are positive integers and p is not 
divisible by the cube of any prime number. Find m + n+ p. 
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Solid Geometry 



AiME In tetrahedron ABCD edge ABC has length 3 cm. The area of face AMC is 15 an^ and 
the area of face ABD is 12 oin^ These two faces meet each other at a 30° angle. Find the 
volume of the tetrahedron in caki^\ 

AIME Eight spheres of radius 100 are placed on a flat surface so that each sphere is tangent to 
i998#io others and their centers are the vertices of a regular octagon. A ninth sphere is placed 
on the flat surface so that it is tangent to each of the other eight spheres. The radius of 
this last sphere is £i + b\/c^ where a^b^ and c are positive integers, and c is not divisible by 
the square of any prime. Find + f? + 

AIME2 Given that O is a regular octahedron, that C is the cube whose vertices are the centers of 

2005#10 _ m 

the faces of O and that the ratio of the volume of O to that of C is — , where m and n are 

n 

relatively prime integers, find m + ^Tt. 
AIME The solid shown has a square base of side length The upper edge is parallel to the base 

1983#11 / — 

and has length 2.^ All edges have length s. Given that s = 6v 2 what is the volume of the 
solid? 



[x] Image 



AIME 
1998#11 



Three of the edges of a cube are AB^ BC^ and CD^ and AD is an interior diagonal. Points 
P, Q, and R are on XB,BC, and CD, respectively, so that AP = ^,PB = 15, BQ = 15, 
and CR = 10. What is the area of the polygon that is the intersection of plane PQR and 
the cube? 

AIME Let ABCD and BCFG be two faces of a cube with AB = 12. A beam of lig ht e manates 
from vertex A and reflects off face BCFG at point P, which is 7 units from BG and 5 
units from BC- The beam continues to be reflected off the faces of the cube. The length of 
the light path from the time it leaves point A until it next reaches a vertex of the cube is 
given by m^/n, where m and n are integers and n is not divisible by the square of any 
prime. Find m + n. 

AIME A solid in the shape of a right circular cone is 4 inches tall and its base has a 3-inch radius. 
The entire surface of the cone, including its base, is painted. A plane parallel to the base of 
the cone divides the cone into two solids, a smaller cone-shaped solid C and a frustum- 
shaped solid F, in such a way that the ratio between the areas of the painted surfaces of 
C and F and the ratio between the volumes of C and F are both equal to k Given that 
k = m/n, where m and n are relatively prime positive integers, find m + n. 



2004#1 1 



AIME2 A right circular cone has a base with radius 600 and height 200^7 A fly starts at a point 
on the surface of the cone whose distance from the vertex of the cone is 125, and crawls 
along the surface of the cone to a_point on the exact opposite side of the cone whose 
distance from the vertex is Find the least distance that the fly could have crawled. 

AIME2 Two long cylindrical tubes of the same length but different diameters lie parallel to each 
2oo7#ii Q^i^gp Qp g f|g|- surface. The larger tube has radius 72 and rolls along the surface toward the 
smaller tube, which has radius 24. It rolls over the smaller tube and continues rolling along 
the flat surface until it comes to rest on the same point of its circumference as it started, 
having made one complete revolution. If the smaller tube never moves, and the rolling 
occurs with no slipping, the larger tube ends up a distance x from where it starts. The 
distance x can be expressed in the form tivr + b^/c, where a, b, and c are integers and c is 
not divisible by the square of any prime. Find a + 6 + C. 
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Solid Geometry 



AIME2 The points B and C lie on the surface of a sphere with center O and radius 20. It is 

given that AB = 13, BC = 14, CA = 15, and that the distance from O to triangle ABC is 

^y^ , where and k are positive integers, rn and k are relatively prime, and n is not 
divisible by the square of any prime. Find m + n + k. 

AiME A sphere is inscribed in the tetrahedron whose vertices are 

2ooi#i2 ^ ^ (6,0,0), B = {0,4,0),C = {0,0, 2), and D = (0,0,0). The radius of the sphere is m/n, 
where m and n are relatively prime positive integers. Find m + n. 

AIME A square pyramid with base AB CD a nd v ertex E h as eight edges of length 4. A plane 
2oo7#i3 p355g5 through the midpoints of AE, BC, and CD The plane's intersection with the 
pyramid has an area that can be expressed as y^. Find p 

AIME The shortest distances between an interior diagonal of a rectangular parallelepiped, P, and 

1986#14 3Q 15 

the edges it does not meet are 2v 5, —=, and —=. Determine the volume of F 

Vn yio 



AIME 
1990#14 



The rectangle ABCD below has dimensions AB = 12\/3 and BC = 13 \/3. Diag onal s AC 
and BD intersect at P. If triangle ABP is cut out and rem ove d, ed ges AP and BP are 
joined, and the figure is then creased along segments CP and DP we obtain a triangular 
pyramid, all four of whose faces are isosceles triangles. Find the volume of this pyramid. 




12^/3 



13v^ 

AIME A 150 X 324 X 375 rectangular solid is made by gluing together 1x1x1 cubes. An internal 



1996#14 



diagonal of this solid passes through the interiors of how many of the 1x1x1 cubes? 



AIME A unicorn is tethered by a 20-foot silver rope to the base of a magician's cylindrical tower 
2oo4#i4 ^i^Qgg radius is 8 feet. The rope is attached to the tower at ground level and to the unicorn 
at a height of 4 feet. The unicorn has pulled the rope taut, the end of the rope is 4 feet 
from the nearest point on the tower, and the length of the rope that is touching the tower 

is - — ^ feet, where £i,6, and c are positive integers, and c is prime. Find + 6 + 

c 

AIME A tripod has three legs each of length 5 feet. When the tripod is set up, the angle between 
2oo6#i4 ^i^y p^ii^ i^g^ 1^ equal to the angle between any other pair, and the top of the tripod is 4 
feet from the ground In setting up the tripod, the lower 1 foot of one leg breaks off. Let h 
be the height in feet of the top of the tj^ocl from the ground when the broken tripod is set 

up. Then h can be written in the form where m and n are positive integers and n is 

not divisible by the square of any prime. Find [m + \/n\. (The notation [x\ denotes the 
greatest integer that is less than or equal to x ) 
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Solid Geometry 

AiME Three 12 cm x 12 cm squares are each cut into two pieces A and B, as shown in the first 



1985#15 



AIME 
1999#15 



AIME2 
2001 #15 



AIME 
2002#15 



AIME 
2008#15 



figure below, by joining the midpoints of two adjacent sides. These six pieces are then 
attached to a regular hexagon, as shown in the second figure, so as to fold into a 



polyhedron. What is the volume (in cm^ of this polyhedron? 





Consider the paper triangle whose vertices are (0,0), {34, 0), and {16, 24). The vertices of 
its midpoint triangle are the midpoints of its sides. A triangular pyramid is formed by 
folding the triangle along the sides of its midpoint triangle. What is the volume of this 
pyramid? 

Let EFGH, EFDC, and EHBC be three adjacent square faces of a cube, for which 



EC = 8, and let A be the eighth vertex of the cube. Let / J and K be the points on EF, 
EH , and EC, respectively, so that EI = EJ = EK = 2. A solid S is obta ined by drilling a 
tunnel through the cube. The sides of the tunnel are planes parallel to AE and containing 
the edges, IJ JK and KI. The surface area of S, including the walls of the tunnel, is 
rn + riy/p, where rn n and p are positive integers and p is not divisible by the square of 
any prime. Find m + ri + p. 

Polyhedron ABCDEFG h as s ix faces. Fa ce A BCD is a square with AB = 12: face 
ABFG is a trapezoid with AB parallel to GF, BF = AG = ?^, and GF = G; and face CDE 
has CE = DE= 14. The other three faces are ADEG. BCEF, and EFG. The distance 
from E to face ABCD is 12. Given that EG^ = p — ^fV?, where p^q^ and r are positive 
integers and r is not divisible by the square of any prime, find p + g + r. 

A square piece of paper has sides of length 100- From each corner a wedge is cut in the 
following manner: at each corner, the two cuts for the wedge each start at distance 
from the corner, and they meet on the diagonal at an angle of 60^ (see the figure below). 
The paper is then folded up along the lines joining the vertices of adjacent cuts. When the 
two edges of a cut meet, they are taped together. The result is a paper tray whose sides 
are not at right angles to the base. The height of the tray, that is, the perpendicular 
distance between the plane of the base and the plane formed by the upper edges, can be 
written in the form \/m where rn and n are positive integers, m < 1000 and m is not 
divisible by the h h power of any prime. Find rn + n 




Trigonometry 



AIME 
1986#3 



AIME Trigonometry Problems 



If tan X + taiiy = 25 and cot x + cot y = 30 what is tmi{x + y) 



AIME ^ k(k - 1) k(k - l)7r , , , , , 

i998#5 Given tliat Ak = — ^-r — ^cos — ^ — , find +^2g H h ^9^1 



AIME 
1988#7 



AIME 
1995#7 



In triangle ABC, tan ZCAB = 22/7, and the altitude from j4 divides BC into segments of 
length 3 and 17. What is the area of triangle ABC^ 

Given that (1 + sini){l + cos t) = 5/4 and 

(1 — sint)(l — COS i) = — - 

n 

where k^m, and iit are positive integers with rn and n relatively prime, find k + m-\-n. 
AIME Find the positive integer Tit such that 

2008#8 

arctsQi Ir + aictan \ + arctsQi ^ + arctan — = ^. 
3 4 5 71 4 



AIME2 Let a = 7T/2008. Find the smallest positive integer n such that 

2008#8 

2[oos(a) sin(a) + ooe(4a) sin(2a) + ooe(9i3) sm(3a) H h cos{n'^a) sm{na)] 

is an integer. 

AIME In a circle, parallel chords of lengths 2, 3, and 4 determine central angles of ct, B, and 
i985#9 _^ 0 radians, respectively, where Oi + 3 <7i If cos a which is a positive rational number, 

is expressed as a fraction in lowest terms, what is the sum of its numerator and 

denominator? 

AIME 22 TH. Ttl 

i99i#9 Suppose that SQCX + tmx = — and that oacx + catx = — , where — is in lowest terms. 

7 n n 

Find m + n. 

AIME Let a, b, c be the three sides of a triangle, and let ct, /9, 7, be the angles opposite them. If 

cot 7 



cot + cot f3 



AIME I n triangle ABC^ angle C is a right angle and the altitude from C meets AB at D. The 
i994#io i^i^g^i^g ^i^g sides of AABC are integers, BD = 29^^ and cos B = m/n^ where m and n 
are relatively prime positive integers. Find m + n. 

AIME COS 96'' +fiin96^ 

i996#io Find the smallest positive integer solution to tail 19a: = 



00s 96^ -aiii96^ 



1 



2002#10 



Trigonometry 

AIME2 While finding tlie sine of a certain angle, an absent-minded professor failed to notice that 
his calculator was not in the correct angular mode. He was lucky to get the right answer. 
The two least positive real values of x for which the sine of x degrees is the same as the 

sine of x radians are and , where m, n, p and q are positive integers. Find 

n — TT q + 71 

m + n+p + q. 



AIME 
1992#11 



Lines l± and (2 both pass through the origin and make first-quadrant angles of — and — 

radians, respectively, with the positive x-axis. For any line I the transformation R{t) 
produces another line as follows: I is reflected in li, and the resulting line is reflected in t2- 

Let R^^\t) = R{t) and H^"'(0 = R (R^-^^{t)j. Given that t is the line y = ^x, find the 

smallest positive integer m for which R^^^\l) = 1. 



AIME Ylt.o^n'' 

1997#11 ■ " ^ ^~ n 



AIME 
1999#11 



Let = — . What is the greatest integer that does not exceed 100:r? 

35 

Given that / sinSfc = tan — , where angles are measured in degrees, and m and n are 

relatively prime positive integers that satisfy — < 90^ find m + n. 

n 



AIME 
1995#12 



AIME 
2003#12 



AIME 
2006#12 



AIME 
1984#13 



AIME 
1983#15 



Pyramid OABCD has square base ABCD^ congruent edges OA^OB^OC^ and OD^ and 
ZAOB = 45°. Let d be the measure of the dihedral angle formed by faces OAB and OBC- 
Given that cofifl = m + y/n^ where rn and ri are integers, find m + n. 

In convex quadrilateral ABCD, ZA ^ ZC, AB = CD = ISO, and AD ^ BC The 
perimeter of ABCD is 640. Find [lOOOoos^J. (The notation [:rj means the greatest integer 
that is less than or equal to x ) 

Find the sum of the values of x such that oo£i^ Zx + cos^ 5a: = Scoa^ 4x eos^ x, where :r is 
measured in degrees and 100 <x < 200- 

Find the value of 10<>^t{oot"^ 3 + cot"^ 7 + cot"^ 13 +cot"^ 21). 

The adjoining figure shows two intersecting chords in a circle, with B on minor arc AD. 

Suppose that the radius of the circle is 5 that BC = 6, and that AD is bisected by BC 

Suppose further that AD is the only chord starting at A which is bisected by BC It follows 

that the sine of the minor arc AB is a rational number. If this fraction is expressed as a 
rn 

fraction — in lowest terms, what is the product mn? 

n 




AIME2 Find the least positive integer n such that 

2000#15 

1 1 



fim45^ fim46^ fiin47^ fiiri48^ fiiiil33^ sinlM^ fiiiin^^ 

2 



Analytical Geometry 



AIME Analytical Geometry Problems 



AiME What is the largest possible distance between two points, one on the sphere of radius 19 
with center {-2, -10, 5) and the other on the sphere of radius 87 with center {12, 8, -IG)? 

AIME Consider the parallelogram with vertices (10,45), {10, 114), {28, 153), and {28,84). A line 
i999#2 ^|^|.Qjjg|^ ^i^g origin cuts this figure into two congruent polygons. The slope of the line is 
m/n, where m and n are relatively prime positive integers. Find m + n. 



AIME 
2000#2 



AIME 
1998#3 



AIME2 



AIME 
2001 #5 



AIME 
1999#6 



AIME 
1990#7 



Let u and v be integers satisfying 0 < < ii. Let j4 = {■^,^), let B be the reflection of A 
across the line y — let C be the reflection of D across the y-axis, let D be the reflection 
of C across the x-axis, and let E be the reflection of D across the y-axis. The area of 
pentagon ABCDE is 451. Find u + v. 

The graph of + 2xy +40|:r| = 400 partitions the plane into several regions. What is the 
area of the bounded region? 



Let R = (8, G). The lines whose equations are 8y = l^x and lOy = Zx contain points P and 

2001#4 1 

Q, respectively, such that R is the midpoint of PQ. The length of PQ equals — where m 
and n are relatively prime positive integers. Find m + n. 



An equilateral triangle is inscribed in the ellipse whose equation is x'^ +4i/^ = 4. One 

vertex of the triangle is {0, 1), one altitude is contained in the y-ax\s, and the length of 

[m 

each side is i / — , where m and n are relatively prime positive integers. Find m + n. 
y n 

A transformation of the first quadrant of the coordinate plane maps each point (:r, y) to the 
point {\/5, Y^). The vertices of quadrilateral ABCD are 

A = {900, 300), B = {1800, GOO), C = {GOO, 1800), and D = {300, 900). Let k be the area of 
the region enclosed by the image of quadrilateral ABCD. Find the greatest integer that 
does not exceed fc. 

A triangle has vertices P = {-8, 5) Q = {—15, —19) and R = {1, -7). The equation of the 
bisector of ZP can be written in the form a:^? + 2^ + = 0 Find a + C 



AIME The points {0,0), {(i, 11), and {6, 37) are the vertices of an equilateral triangle. Find the 
value of ab 



1994#8 



AIME Triangle ABC lies in the Cartesian Plane and has an area of 70. The coordinates of B and 
C are {12, 19) and {23, 20) respectively, and the coordinates of A are {p,g). The line 
containing the median to side BC has slope -5. Find the largest possible value of p + q 

AIME An ellipse has foci at (9,20) and (49,55) in the xy plane and is tangent to the a^-axis. What 
is the length of its major axis? 

AIME2 The coordinates of the vertices of isosceles trapezoid ABCD are all integers, with 

2ooo#ii ^ ^ ^20, 100) and D = {21, 107). The trapezoid has no horizontal or vertical sides, and AB 
an d CD are the only parallel sides. The sum o f the absolute values of all possible slopes 
for AB is m/n, where m and n are relatively prime positive integers. Find m + Tit. 



1 



Analytical Geometry 



AIME 
1988#V 



AIME2 
2003#14 



Let C be the graph of xy = 1, and denote by C* the reflection of C in the line y = 2x. Let 
the equation of C* be written in the form 

Find the product 6c 

Let A = (0,0) and B = {b, 2) be points on the coordinate plane. Let ABCDEF be a 



convex equilateral hexagon such that ZFAB = 120'' , AB \\ DE, BC \\ EF\ CD \\ FA, and 
the y-coordinates of its vertices are distinct elements of the set {0^ 2^4,6, 8, 10}. The area 
of the hexagon can be written in the form ■m\/n, where rn and n are positive integers and 
n is not divisible by the square of any prime. Find m + n. 

AIME Consider the points ^{0, 12), B{10, 9), C{8,0), and D{-4, 7) There is a unique square S 
such that each of the four points is on a different side of S Let be the area of S- Find 
the remainder when lOA^ is divided by 1000. 

AIME Let triangle ABC be a right triangle in the xy- plane with a right angle at C. Given that the 
i986#i5 igpgti^ Qf ti^g hypotenuse AB is 60, and that the medians through A and B lie along the 
lines 1/ = :r + 3 and y = 2x + 4 respectively, find the area of triangle ABC. 



2002#15 



AIME2 Circles Ci and C2 intersect at two points, one of which is {9^ 6)^ and the product of the radii 
is 68. The x-axis and the line y — mx, where m > 0^ iare tangent to both circles. It is given 
that m can be written in the form where a, and c are positive integers, b is not 

divisible by the square of any prime, and a and c are relatively prime. Find a + b + c. 



AIME2 



Let u?i and ^2 denote the circles x^ + y^ + IQx - 24y - 87 = 0 and 

+|/^ — Iftr — 24-y + 153 = 0, respectively. Let m be the smallest positive value of a for 
which the line y = ax contains the center of a circle that is externally tangent to W2 and 

internally tangent to w^. Given that ra = -, where p and q are relatively prime integers, 
find p-\-q 
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Optimization & Inequality 



AIME Optimization & Inequality Problenns 

AiME I n a nnagic square, the sunn of the three entries in any row, column, or diagonal is the 



1996#1 



same value. The figure shows four of the entries of a magic square. Find x. 



X 


19 


96 


1 













AIME 
1991 #3 



Expanding {1 + 0.2) by the binomial theorem and doing no further manipulation gives 
(7)(0.2)« + (7)(0.2)' + (7)(0.2)^ + ... + (;^)(0.2)- 



= j4o + >ll + ^2 + ■ ■ ■ + >iiooo, 
where ^^^^(0.2)^ for = 0, 1, 2,. 



, 1000- For which k is Ak the largest? 



AIME2 A block of cheese in the shape of a rectangular solid measures 10 cm by 13 cm by 14 cm. 

2oo8#3 slices are cut from the cheese. Each slice has a width of 1 cm and is cut parallel to one 
face of the cheese. The individual slices are not necessarily parallel to each other. What is 
the maximum possible volume in cubic cm of the remaining block of cheese after ten slices 
have been cut off? 



AIME 
1988#4 



Suppose that |:ri | < 1 for i = 1, 2, . 

1^1 1 + + ■ 



. Suppose further that 
+ k^l = 19 + bi +X2+' 



AIME2 
2001 #5 



AIME 
2004#5 



AIME 
1985#8 



What is the smallest possible value of fi 

A set of positive numbers has the tridngle property if it has three distinct elements that 
are the lengths of the sides of a triangle whose area is positive. Consider sets 
{4^ 5, 6^ . . . ^ n} of consecutive positive integers, all of whose ten-element subsets have the 
triangle property. What is the largest possible value of fit 

Alpha and Beta both took part in a two-day problem-solving competition. At the end of the 
second day, each had attempted questions worth a total of 500 points. Alpha scored 160 
points out of 300 points attempted on the first day, and scored 140 points out of 200 
points attempted on the second day. Beta who did not attempt 300 points on the first day, 
had a positive integer score on each of the two days, and Beta's daily success rate (points 
scored divided by points attempted) on each day was less than Alpha's on that day. Alpha's 
two-day success ratio was 300/500 = 3/5. The largest possible two-day success ratio that 
Beta could achieve is rn/n, where ra and n are relatively prime positive integers. What is 
m + n? 

The sum of the following seven numbers is exactly 19 ai = 2.56 tX2 = 2.61 fi^ = 2,65 
a4 = 2.71, = 2.79, = 2.81, aj = 2.86. It is desired to replace each a.i by an integer 
approximation A^, I <i <7, so that the sum of the A^s is also 19 and so that M the 
maximum of the "errors" \\Af — a^H, the maximum absolute value of the difference, is as 
small as possible. For this minimum M, what is lOOM 



1 



Optimization & Inequality 

AiME Mary told J ohn her score on the American High School Mathematics Examination (AHSME), 
i984#io ^i^j^i^ Q^gP gQ From this, John was able to determine the number of problems Mary 
solved correctly. If Mary's score had been any lower, but still over SO John could not have 
determined this. What was Mary's score? (Recall that the AHSME consists of 30 multiple 
choice problems and that one's score, s, is computed by the formula = 30 + 4c — tiJ 
where c is the number of correct answers and w is the number of wrong answers. Students 
are not penalized for problems left unanswered.) 

AIME Euler's formula states that for a convex polyhedron with V vertices, E edges, and F faces, 
i993#io Y - £ p = 2 /\ particular convex polyhedron has 32 faces, each of which is either a 

triangle or a pentagon. At each of its V'' vertices, T triangular faces and P pentagonal faces 
meet. What is the value of lOOP + lOT + V 

AIME A sample of 121 integers is given, each between 1 and 1000 inclusive, with repetitions 
allowed. The sample has a unique mode (most frequent value). Let D be the difference 

between the mode and the arithmetic mean of the sample. What is the largest possible 
value of [D\ (For real [x\ is the greatest integer less than or equal to x.) 



AIME 
1986#12 



Let the sum of a set of numbers be the sum of its elements. Let 5 be a set of positive 
integers, none greater than 15. Suppose no two disjoint subsets of S have the same sum. 
What is the largest sum a set S with these properties can have? 

AIME A fenced, rectangular field measures 24 meters by 52 meters. An agricultural researcher 
i994#i2 1^^^ 1994 meters of fence that can be used for internal fencing to partition the field into 
congruent, square test plots. The entire field must be partitioned, and the sides of the 
squares must be parallel to the edges of the field. What is the largest number of square 
test plots into which the field can be partitioned using all or some of the 1994 meters of 
fence? 

AIME On a long straight stretch of one-way single-lane highway, cars all travel at the same 
2oo8#i2 gpgg^ g|| obey the safety rule: the distance from the back of the car ahead to the front 
of the car behind is exactly one car length for each 15 kilometers per hour of speed or 
fraction thereof (Thus the front of a car traveling 52 kilometers per hour will be four car 
lengths behind the back of the car in front of it.) A photoelectric eye by the side of the road 
counts the number of cars that pass in one hour. Assuming that each car is 4 meters long 
and that the cars can travel at any speed, let M be the maximum whole number of cars 
that can pass the photoelectric eye in one hour. Find the quotient when M is divided by 
10. 



AIME 
1989#13 



Let 5 be a subset of {1^ 2, 3, ... , 1989} such that no two members of S differ by 4 or 7- 
What is the largest number of elements S can have? 



AIME Triangle ABC has AB = 9 and BC : AC = 40 : 41. What's the largest area that this 



1992#13 



triangle can have? 



AIME I n the middle of a vast prairie, a firetruck is stationed at the intersection of two 



2000#13 



perpendicular straight highways. The truck travels at 50 miles per hour along the highways 
and at 14 miles per hour across the prairie. Consider the set of points that can be reached 
by the firetruck within six minutes. The area of this region is m/n square miles, where m 
and 7^ are relatively prime positive integers. Find rn + n. 

AIME An mxnxp rectangular box has half the volume of an (m + 2) x (n + 2) x (p + 2) 
rectangular box, where m^n^ and p are integers, and ra <n<p. What is the largest 
possible value of p 



1998#14 



2 



Optimization & Inequality 



2oo|^i4 Let a and 6 be positive real numbers with a> b. Let p be the maximum possible value of ^ 
for which the system of equations 

+ y2 ^ = {a-xf + (6 - yf 

has a solution in {x^ y) satisfying 0 <x <a and 0 < y <b Then can be expressed as a 
m 

fraction — where m and n are relatively prime positive integers. Find m + n. 
n 

AiME For positive integer n define Sn to be the minimum value of the sum 

1991#15 



where ai, aa^ - - •^o.^ are positive real numbers whose sum is 17. There is a unique positive 
integer n for which S-n is also an integer. Find this n 

AIME What is the largest positive integer 7i for which there is a unique integer k such that 

1987#8 8 n 7 

— < < — ? 

15 n+k 13 

AIME 9jr^2 £5111^ ^ _|_ 4 

i983#9 Find the minimum value of — for 0 < < 
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Word Problems 



AIME Word Problems 



AiME A 100 foot long moving walkway moves at a constant rate of 6 feet per second. Al steps 
onto the start of the walkway and stands. Bob steps onto the start of the walkway two 
seconds later and strolls forward along the walkway at a constant rate of 4 feet per second. 
Two seconds after that, Cy reaches the start of the walkway and walks briskly forward 
beside the walkway at a constant rate of 8 feet per second. At a certain time, one of these 
three persons is exactly halfway between the other two. At that time, find the distance in 
feet between the start of the walkway and the middle person. 

AIME2 Rudolph bikes at a constant rate and stops for a five- minute break at the end of every 
2oo8#2 i^ii^ Jennifer bikes at a constant rate which is three-quarters the rate that Rudolph bikes, 
but J ennifer takes a five-minute break at the end of every two miles. J ennifer and Rudolph 
begin biking at the same time and arrive at the 50-mile mark at exactly the same time. 
How many minutes has it taken them? 



1992#3 



AIME A tennis player computes her win ratio by dividing the number of matches she has won by 
the total number of matches she has played. At the start of a weekend, her win ratio is 
exactly .500- During the weekend, she plays four matches, winning three and losing one. At 
the end of the weekend, her win ratio is greater than .503 What's the largest number of 
matches she could've won before the weekend began? 



AIME J ane is 25 years old. Dick is older than J ane. I n n years, where n \s a positive integer, 
2oo2#3 Qj^i^.g J 3ne's age ^j|| both be two-digit number and will have the property that 

Jane's age is obtained by interchanging the digits of Dick's age. Let d be Dick's present 
age. How many ordered pairs of positive integers (d^n) are possible? 

AIME Three planets revolve about a star in coplanar circular orbits with the star at the center. All 
2oo7#4 p|3pgt5 revolve in the same direction, each at a constant speed, and the periods of their 

orbits are 60, 84, and 140 years. The positions of the star and all three planets are 

currently collinear. They will next be collinear after n years. Find n. 

AIME2 The workers in a factory produce widgets and whoosits. For each product, production time 
2oo7#4 |g constant and identical for all workers, but not necessarily equal for the two products. In 
one hour, 100 workers can produce 300 widgets and 200 whoosits. In two hours, 60 
workers can produce 240 widgets and 300 whoosits. In three hours, 50 workers can 
produce 150 widgets and m whoosits. Find m. 

AIME2 I n order to complete a large job, 1000 workers were hired, just enough to complete the job 
2oo4#5 schedule. All the workers stayed on the job while the first quarter of the work was done, 
so the first quarter of the work was completed on schedule. Then 100 workers were laid 
off, so the second quarter of the work was completed behind schedule. Then an additional 
100 workers were laid off, so the third quarter of the work was completed still further 
behind schedule. Given that all workers work at the same rate, what is the minimum 
number of additional workers, beyond the 800 workers still on the job at the end of the 
third quarter, that must be hired after three-quarters of the work has been completed so 
that the entire project can be completed on schedule or before? 
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Word Problems 



AiME The formula for converting a Fahrenheit temperature F to the corresponding Celsius 

2007#5 ^ 

temperature C is C = ^{F - 32) An integer Fahrenheit temperature is converted to 

Celsius and rounded to the nearest integer; the resulting integer Celsius temperature is 
converted back to Fahrenheit and rounded to the nearest integer. For how many integer 
Fahrenheit temperatures T with 32 < T < 1000 does the original temperature equal the 
final temperature? 

AIME Two skaters, Allie and Billie, are at points A and B, respectively, on a flat, frozen lake. The 
i989#6 (jjstgpcg between A and B is 100 meters. Allie leaves A and skates at a speed of 8 meters 
per second on a straight line that makes a 60^^ angle with AB At the same time Allie 
leaves A Billie leaves B at a speed of 7 meters per second and follows the straight path 
that produces the earliest possible meeting of the two skaters, given their speeds. How 
many meters does Allie skate before meeting Billie? 




AIME A biologist wants to calculate the number of fish in a lake. On May 1 she catches a random 
i99o#6 S3ppip|g of 60 fish, tags them, and releases them. On September 1 she catches a random 
sample of 70 fish and finds that 3 of them are tagged. To calculate the number of fish in 
the lake on May 1, she assumes that 25% of these fish are no longer in the lake on 
September 1 (because of death and emigrations), that 40% of the fish were not in the lake 
May 1 (because of births and immigrations), and that the number of untagged fish and 
tagged fish in the September 1 sample are representative of the total population. What 
does the biologist calculate for the number of fish in the lake on May 1? 

AIME Al walks down to the bottom of an escalator that is moving up and he counts 150 steps. 

i987#io |_||^ friend. Bob, walks up to the top of the escalator and counts 75 steps. If Al's speed of 
walking (in steps per unit time) is three times Bob's walking speed, how many steps are 
visible on the escalator at a given time? (Assume that this value is constant.) 
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